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We develop a 3+1+1 covariant formalism with cosmological and astrophysical applications. First
we give the evolution and constraint equations both on the brane and off-brane in terms of 3-
space covariant kinematical, gravito-electro-magnetic (Weyl) and matter variables. We discuss the
junction conditions across the brane in terms of the new variables. Then we establish a closure
condition for the equations on the brane. We also establish the connection of this formalism with
isotropic and anisotropic cosmological brane-worlds. Finally we derive a new brane solution in the
framework of our formalism: the tidal charged Taub-NUT-(A)dS brane, which obeys the closure
condition.
PACS numbers:
I. INTRODUCTION
In recent years the idea of exploring the possibility of the gravitational interaction acting in more than 4-dimensions
(4d) attracted a lot of attention. In particular, one of the simplest such models arises from the curved generalization
of the one-brane Randall-Sundrum model [1] (for a review see [2]), where gravity acts in 5-dimensions (5d), however
standard model fields are confined to the 4d brane. Nonstandard model fields can occur in the 5d space-time. A
Z2-symmetric embedding looks natural only if the brane is envisaged as a boundary; otherwise generic asymmetric
embeddings should be allowed. The generic dynamics was given in Refs. [3] and [4] in a 5d-covariant approach.
Although promising at the level of allowing new degrees of freedom, which seem to be adjustable to explain for
example dark matter [5]-[8], the complexity of the brane-world dynamics also represents a major impediment in
obtaining simple exact solutions or in monitoring the evolution of perturbations. Therefore new approaches to
gravitational dynamics in brane-worlds are worth to study.
In Ref. [9] the 5d space-time was foliated first by a family of 4d space-times and a second family of 4d space-like
hypersurfaces (see Fig 1. in Ref. [9]). Such an 5d space-time is double foliable. This structure of the 5d space-time
allowed to describe the gravitational degrees of freedom in terms of tensorial, vectorial and scalar quantities with
respect to the 3-space emerging as the intersection of the two hypersurfaces. They represent the gravitons, a gravi-
photon, and a gravi-scalar and are given by quantities with well-defined geometrical meaning, namely the tensorial,
vectorial and scalar projections of the spatial 4d metric and their canonically conjugated momenta: the extrinsic
curvature (second fundamental form of the 3-spaces with respect to the temporal normal), normal fundamental form
and normal fundamental scalar. The evolution equations for these variables were given a` la ADM both on the brane
and outside it. An extension of this formalism towards a full Hamiltonian description was advanced in Ref. [10]. It
has been shown, that among all gravitational variables on the brane, only the momentum of the gravi-vector has a
jump across the brane, related to the energy transport (heat flow) on the brane.
The formalism presented in Refs. [9]-[10] however is not straightforward to be applied in brane cosmology. A formal
difference would be the definition of the time derivative. In Refs. [9]-[10] this was defined in the tradition of canonical
gravity as a Lie-derivative taken along the temporal direction (which is not necessarily orthogonal to the 3-space)
projected to the 3-space, whereas in cosmology by tradition the time derivative is defined as a covariant derivative
along the normal to the 3-surfaces (this derivative happens to enter only in expressions projected onto the 3-space).
Obviously this mismatch in the definitions of the time derivatives is not crucial, as the two definitions differ only in
terms taken on the 3-space. However the formalism developed in Refs. [9] and [10] relying on the double foliability of
the 5d space-time is unable to deal with the possible vorticity of the word-lines of observers.
In this paper we develop a formalism overcoming this inconvenience and derive the full set of evolution and constraint
equations governing gravitational dynamics in a 3+1+1 covariant form. Provided the space-like normal n has vanishing
vorticity on a hypersurface (the time evolution vector can still have vorticity), the formalism becomes suitable for
describing gravitational dynamics on the brane (then n becomes the brane normal). In this sense the formalism is a
generalization of the brane 3+1 covariant cosmology [11] (which in turn is a generalization of the general relativistic
3+1 covariant cosmology [12]-[15]).
This newly developed formalism also generalizes the s+1+1 covariant brane-world dynamics developed in Ref. [9].
Both the vector field n and the time evolution vector u are allowed to have vorticity in the present formalism. Though
observational evidence suggest that the directly detectable 3+1 part of the universe is best described by a Friedmann
brane with perfect fluid, when discussing cosmological perturbations, the vorticity of u should be allowed, similarly
2as in existing formalisms of covariant cosmology in both general relativity and brane-worlds. We can also argue for
the need of keeping the vorticity of n. One reason would be, that if it is vanishing at some initial instant, it should
stay zero; and the formalism should be able to handle its ”evolution”. Secondly, and more important, the vorticity of
n should not necessarily vanish at other locations, than the brane, a gauge freedom worth to explore.
We note that a lower-dimensional, 2+1+1 formalism was developed in Refs. [16], [17] and applied in the general
relativistic covariant perturbations of Schwarzschild black holes and rotationally symmetric space-time; then for
investigating spherically symmetric static solutions in f(R) gravity theories in Ref. [18].
In general relativity the important topic of cosmological perturbations, related to both the Cosmic Microwave
Background and structure formation, has a rich literature, from which (without claiming completeness) we mention
Refs. [19]-[27], all based on the 3+1 covariant approach.
Brane-world cosmological perturbations are equally important, however additional difficulties emerge due to the
complexity of brane-world theory and the impediment to predict and perform observations on the brane. At a technical
level, the latter is obstructed by the lack of closure of the perturbation equations on the brane. Despite impressive
developments [28]-[40], many questions remain unanswered. Although we cannot overcome well-known difficulties, we
expect our new formalism will provide the most convenient and complete tool-chest for approaching the problems.
We also foresee the possibility of important applications for brane-world exact solutions.
We establish the generic 3+1+1 covariant formalism in Sec. II, by defining the kinematical quantities and the
decomposition of the Weyl and energy-momentum tensors. We also relate the curvature and Ricci tensors and the
3-dimensional (3d) scalar curvature to kinematic, non-local (Weyl) and matter-defined variables. In Appendix A the
commutation relations among all types of derivatives emerging in the formalism are given.
Sec. III contain the full 3+1+1 decomposed covariant gravitational dynamics and constraints, together with the
available matter field evolutions. In Appendix B we discuss the gauge freedom in the frame choice and give the
transformations of all relevant quantities under infinitesimal frame transformations.
Taking into account that the brane is a 4d time-like hypersurface, in Sec. IV we discuss the decomposition of the
Lanczos equation and of the sources of the effective Einstein equation. Then we specify the generic evolution and
constraint equations on the brane, expressed in terms of quantities defined on the brane. These equations arise from
combinations of the equations given in Section III, evaluated on the brane. Appendix C contains the brane equations
for an asymmetric embedding. We continue Section IV by specializing to a symmetrically embedded brane, by taking
into account the Lanczos equation. Then we conclude the section by deriving a closure condition for the equations
on the brane.
Sec. V contains the derivation of the most important cosmological equations to a hypersurface (a generic brane),
then the discussion of the particular case of cosmological symmetries and perfect fluid source on the brane. As a test
of our formalism we recover the Friedmann, Raychaudhuri and energy balance equations and compare them with the
relevant results of Ref. [4]. In subsection VB and Appendix D we also relate our formalism to anisotropic brane-world
cosmologies.
Sec. VI contains an astrophysical application of our formalism devoted to locally rotationally symmetric (LRS)
space-times, at the end of which we recover a new brane solution with NUT charge. This solution obeys the previously
derived closure condition.
Sec. VII contains the Concluding Remarks.
Notations. Quantities defined on the 3-space orthogonal to both ua and na carry no distinguishing mark and
the 3d metric is denoted hab. Quantities defined on the brane carry the pre-index
(4), the only exception being the
4d metric gab. Quantities defined on the full 5-space carry a distinguishing˜mark. Exceptionally, other quantities
also carry the distinguishing˜mark. These are (a) the 3+1+1 decomposed components of the 5d energy-momentum
tensor, which are defined on the 3-space orthogonal to both ua and na, and (b) the kinematic and extrinsic curvature
type quantities related to another singled out spatial vector ea in Sec. VI. Calligraphic symbols denote 3+1+1
decomposed components of the 5d Weyl tensor. Whenever possible, identical symbols are used for quantities related
to the temporal vector field ua and the brane normal na, the latter distinguished by âmark. We denote the average
of a quantity f taken over the two sides of the brane by 〈f〉, and its jump by ∆f . Angular brackets 〈 〉 on abstract
indices denote tensors which are projected in all indices with the metric hab, symmetrized and trace-free. Round
brackets ( ) and square brackets [ ] on indices denote the symmetric and antisymmetric parts, respectively.
II. THE 3+1+1 COVARIANT FORMALISM
A. Decomposition of the metric
Let ua = dxa/dτ and na = dxa/dy be a time-like and a space-like vector field in the 5d space-time, with τ
and y the affine parameters of the respective non-null integral curves. They obey the normalization conditions
3FIG. 1: Elements of the 3+1+1 decomposition of the 5d space-time geometry with metric g˜ab and compatible connection ∇˜.
The 4d brane with normal na has induced metric gab = g˜ab − nanb and extrinsic curvature (4)Kab = gcagdb ∇˜cnd. The 4-velocity
field ua of observers in the brane defines local 3d orthogonal spatial patches, hypersurface-forming only when the vorticity
ωab = 0. The other kinematical characteristics of u
a are the expansion Θ and shear σab. The expansion, shear and vorticity of
na are Θ̂, σ̂ab and ω̂ab, the latter vanishing on the brane. The temporal, off-brane and 3d covariant derivative are shown for
the vorticity 1-form ωa.
−uaua = 1 = nana and the perpendicularity condition uana = 0. The 5d metric is decomposed as
g˜ab = nanb + gab , (1)
with
gab = −uaub + hab , (2)
the metric on the 4d temporal leaves y =const (with the brane at y = 0) and the spatial part hab of this metric
obeying uahab = n
ahab = 0. We denote by εabc the volume element associated with hab. The 4-vector u
a represents
the time-like velocity field of brane observers (see Fig 1).
We employ three type of derivatives, all associated with projections of the 5d connection ∇˜i. A dot and a prime
denote covariant derivatives along the integral curves of ua and na, respectively, while D is the 3d covariant derivative
compatible with the metric h:
T˙b..c = u
a∇˜aTb..c , (3)
T ′b..c = n
a∇˜aTb..c , (4)
DaTb..c = h
d
a h
i
b ..h
j
c ∇˜dTi..j . (5)
Note that the D-derivative is the same as introduced in general relativity employing the corresponding projection
of the ∇-derivative (∇ being the connection compatible with gab). This is, because both generate the covariant
derivatives formed with the connection compatible with hab. Concerning the time-derivative defined above, except for
scalars, it differs from the corresponding general relativistic time derivative employed in the 3+1 covariant formalism
(which is defined with ∇) in na and ua terms. Nevertheless, when projected to the 3-manifold with h ab , the two
definitions agree.
4B. Kinematic quantities
We introduce the kinematic quantities through the decomposition of the 5d covariant derivative of ua, na as
∇˜aub = −uaAb + K̂uanb +Knanb + naKb + Lanb +Kab , (6a)
∇˜anb = naÂb +Knaub + K̂uaub − uaK̂b + Laub + K̂ab , (6b)
where
Aa = u˙〈a〉 , Âa = n
′
〈a〉 ,
Ka = u
′
〈a〉 , K̂a = n˙〈a〉 ,
K = nbu′b , K̂ = u
bn˙b ,
La = h
c
a n
d∇˜cud ,
Kab = Daub , K̂ab = Danb . (7)
As a rule, an overhat is used for kinematical quantities related to the vector field na in order to distinguish them
from the similar kinematical quantities related to the vector field ua. Here Aa is the acceleration. All scalars, vectors
and tensors in the above decomposition are defined on the 3d manifold orthogonal both to na and ua. The tensorial
expressions Kab and K̂ab can be further decomposed into (trace-, trace-free symmetric and antisymmetric) irreducible
parts as follows:
Kab =
Θ
3
hab + σab + ωab , (8)
K̂ab =
Θ̂
3
hab + σ̂ab + ω̂ab , (9)
where we have defined the expansion, vorticity and shear of the vector fields ua and na as
Θ = Daua , ωab = D[aub] , σab = D〈aub〉 ,
Θ̂ = Dana , ω̂ab = D[anb] , σ̂ab = D〈anb〉 . (10)
The antisymmetric 3d tensors ωab and ω̂ab can be also encoded in the vorticity vectors ω
a = εabcωbc/2 and ω̂
a =
εabcω̂bc/2. When the vorticities of both vector field n
a and ua vanish ωab = ω̂ab = 0, the tensorial expressions Kab and
K̂ab are symmetric and they represent the two extrinsic curvatures of a 3d hypersurface. The condition ω̂ab = 0 is also
necessary in order to have a brane at y = 0, but not sufficient. Indeed the brane is a 3+1 dimensional hypersurface
which can exist only if the higher-dimensional vorticity of its normal ω̂ab = ∇[anb] vanishes. This condition translates
into 0 = g c[a g
d
b] ∇˜cnd = −u[a
(
K̂b] + Lb]
)
+ ω̂ab, therefore (due to Frobenius’ theorem) the necessary and sufficient
conditions for the existence of the 3+1 brane are
ω̂ab|y=0 = 0 ,
La|y=0 = − K̂a
∣∣∣
y=0
. (11)
In summary, the independent components of ∇˜aub are expressed by three scalars (K, K̂, Θ), four 3-vectors
(Aa, Ka, La, ωa) and a symmetric trace-free 3-tensor (σab). The corresponding decomposition of ∇˜anb consists
of the three scalars (K̂, K, Θ̂), four 3-vectors (Âa, K̂a, La, ω̂a) and a symmetric trace-free 3-tensor (σ̂ab). The
irreducible decompositions of the covariant derivatives ∇˜aub and ∇˜anb have therefore 20 independent components
each (due to the constraints ub∇˜aub = 0 and nb∇˜anb = 0).
C. Gravito-electro-magnetic quantities
The non-local gravitational properties of the 5d space-time are carried by the 5dWeyl tensor, the principal directions
of which lead to a classification scheme generalizing the general relativistic Petrov classification [41]. Here we are
5interested in the 3+1+1 decomposition1 of C˜abcd, which can be given in terms of the quantities (with a total of 35
independent components):
E = C˜abcdnaubncud ,
Hk = 1
2
ε abk C˜abcdu
cnd , Fkl = C˜abcdh a(k ubh cl) nd ,
Êk = C˜abcdh ak nbucnd , Ek = C˜abcdh ak ubncud ,
Êkl = C˜abcdh a〈k nbh cl〉 nd , Ekl = C˜abcdh a〈k ubh cl〉 ud ,
Ĥkl = 1
2
ε ab(k h
c
l) C˜abcdn
d , Hkl = 1
2
ε ab(k h
c
l) C˜abcdu
d . (12)
We note that all tensorial quantities defined above are trace-free (from the properties of the Weyl tensor), and further
in the tensors Fkl, Hkl and Ĥkl the brackets 〈 〉 are equivalent with the round brackets ( ). The Weyl tensor in terms
of the quantities defined in (12) is
C˜abcd = −2
(Ed[ahb]c − Ec[ahb]d)+ 2(Êd[ahb]c − Êc[ahb]d)− 2
3
Ehc[ahb]d
+2
(
ε icd Ĥi[anb] + ε iab Ĥi[cnd]
)
− 2 (ε icd Hi[aub] + ε iab Hi[cud])
+2
(
ncn[aÊb]d − ndn[aÊb]c
)
+ 2
(
ucu[aEb]d − udu[aEb]c
)
−2 (ucn[aFb]d − udn[aFb]c + ncu[aFb]d − ndu[aFb]c)
− (n[cua]εbdk + u[cnb]εadk)Hk − (u[dna]εbck + n[dub]εack)Hk
−2 (u[cnd]εabk + u[anb]εcdk)Hk − 2 (E[ahb][cnd] + E[chd][anb])
−2
(
Ê[ahb][cud] + Ê[chd][aub]
)
+ 4Eu[anb]u[cnd]
−2
(
ncudn[aÊb] − ucndn[aÊb] + naubn[cÊd] − uanbn[cÊd]
)
+2
(
ucndu[aEb] − ncudu[aEb] + uanbu[cEd] − naubu[cEd]
)
−2
3
E (ndn[ahb]c − ncn[ahb]d)+ 2
3
E (udu[ahb]c − ucu[ahb]d) . (13)
This relation generalizes the general relativistic 3+1 covariant decomposition of the 4d Weyl tensor Cabcd (which
has only 10 independent components), where only two tensors Ekl = Cabcdh
a
〈k u
bh cl〉 u
d and Hkl =
1
2ε
ab
(k h
c
l) Cabcdu
d
appear, the electric and magnetic parts of the Weyl curvature. On the brane the relation between the set of variables
Ekl and Hkl and the variables Ekl and Hkl is given by
Eab = Eab + 1
2
Êab − 1
2
(
K̂ +
Θ̂
3
)
σ̂ab +
1
2
σ̂c〈aσ̂
c
b〉 +
1
2
K̂〈aK̂b〉 , (14)
Hab = Hab − ε cd〈a σ̂b〉cK̂d . (15)
D. Decomposition of the energy-momentum tensor
The 5d gravitational dynamics is governed by the Einstein equation
G˜ab = −Λ˜g˜ab + κ˜2
[
T˜ab + τabδ (y)
]
, (16)
where κ˜2 denotes the 5d coupling constant. The sources of gravity are the 5d cosmological constant Λ˜, the regular
part of the 5d energy-momentum tensor T˜ab and a distributional energy-momentum tensor with support on the brane:
τab = −λgab + Tab . (17)
1 The case of a generic n+ 1 decomposition of the Weyl tensor was discussed in Ref. [42].
6Here λ is the constant brane tension and Tab describes standard model matter fields on the brane
2, decomposed with
respect to a brane observer with 4-velocity ua as
Tab = ρuaub + q(aub) + phab + πab . (18)
The quantities ρ, qa, p and πab are the energy density, the energy current vector, the isotropic pressure and the
symmetric trace-free anisotropic pressure tensor of the matter on the brane.
We decompose the regular part of the 5d energy-momentum tensor relative to ua and na as:
T˜ab = ρ˜uaub + 2q˜(aub) + 2q˜u(anb) + p˜hab + π˜nanb + 2π˜(anb) + π˜ab , (19)
where ρ˜ is the relativistic energy density relative to ua, p˜ the isotropic pressure, q˜a and q˜ the relativistic momentum
densities on the 3-space and in the direction na. The quantities π˜, π˜a and the symmetric and trace-free tensor π˜ab are
related to the scalar, vectorial and tensorial components (with respect to the 3d space) of the 5d anisotropic pressure
tensor, which is
3 (π˜ − p˜)
4
nanb + 2π˜(anb) +
p˜− π˜
4
hab + π˜ab . (20)
By employing the definitions given in this Section we give the commutation relations among the temporal, off-brane
and brane covariant derivatives in Appendix A.
E. The Gauss equation and its contractions
We define the local 3d curvature tensor Rabcd of the space orthogonal to both ua and na as
D[aDb]Vc − ωabV˙〈c〉 + ω̂abV ′〈c〉 =
1
2
RabcdV d , (21)
resulting in
Rabcd = h ia h jb h kc h ld R˜ijkl − (Dauc) (Dbud) + (Daud) (Dbuc)
+ (Danc) (Dbnd)− (Dand) (Dbnc) . (22)
This is a natural generalization of the definition used in general relativity [22], [44], [45]. By the definitions of the
kinematical, gravito-electro-magnetic and matter variables, we have
Rabcd =
[
−2
3
(
Θ2 − Θ̂2
)
− E + Λ˜ + κ˜2 (ρ˜+ p˜− π˜)
]
hc[ahb]d
3
−2 (Ed[ahb]c − Ec[ahb]d)+ 2(Êd[ahb]c − Êc[ahb]d)− 2κ˜2
3
(
hd[aπ˜b]c − hc[aπ˜b]d
)
−2Θ
3
[(
σa[c + ωa[c
)
hd]b +
(
σb[d + ωb[d
)
hc]a
]− 2 (σa[c + ωa[c) (σd]b − ωd]b)
+
2Θ̂
3
[(
σ̂a[c + ω̂a[c
)
hd]b +
(
σ̂b[d + ω̂b[d
)
hc]a
]
+ 2
(
σ̂a[c + ω̂a[c
) (
σ̂d]b − ω̂d]b
)
, (23)
2 For DGP / induced gravity type models [43], Tab should be replaced by Tab −
(
γ/κ2
)
Gab, with Gab the Einstein tensor constructed
from the metric gab and γ the dimensionless induced gravity parameter. Randall-Sundrum type brane-worlds are recovered for γ → 0,
on the ε = −1 branch.
7and the local 3d Ricci tensor and Ricci scalar become
Rac = hbdRabcd =
[
−2
3
(
Θ2 − Θ̂2
)
− 2E + Λ˜ + κ˜2 (ρ˜+ p˜− π˜)
]
hac
3
+Eac − Êac + κ˜
2
3
π˜ac − 2Θ
3
(σac + ωac) +
2Θ̂
3
(σ̂ac + ω̂ac)
+σabσ
b
c − ωbωbhac + ωaωc − 2σ b[a ωc]b
−σ̂abσ̂ bc + ω̂bω̂bhac − ω̂aω̂c + 2σ̂ b[a ω̂c]b , (24)
R = hacRac = −2E + Λ˜ + κ˜2 (ρ˜+ p˜− π˜)− 2
3
(
Θ2 − Θ̂2
)
−2ωaωa + σabσab + 2ω̂aω̂a − σ̂abσ̂ab . (25)
Eq. (25) can be referred as a generalized Friedmann equation in the 5d space-time, as will become evident in Section
V. The general relativistic counterpart is presented in Refs. [44], [45].
III. 3+1+1 COVARIANT DYNAMICS
The full set of the 3+1+1 covariant evolution and constraint equations for the kinematic, gravito-electro-magnetic
and matter variables are given by the projections of the Bianchi and Ricci identities for ua and na. These equations
hold as the main result of the paper, and they are presented in the following three subsections. In particular, the first
subsection contains all Ricci identities; the second subsection contains twice contracted Bianchi identities, which by
virtue of the Einstein equations describe evolutions for the energy density and currents; while the third subsection
contains the rest of independent Bianchi identities. A related Appendix B gives the transformation rules under a
frame change for the totality of the kinematic, gravito-electro-magnetic and matter variables, to linear order accuracy.
A. Ricci identities
The Ricci identity for ua gives the following independent equations:
0 = K˙ + K̂ ′ + ÂaA
a +K2 − K̂2 + LaKa − K̂aKa − LaK̂a
+E − Λ˜
6
+
κ˜2
6
(ρ˜− π˜ + 3p˜) , (26)
0 = Θ˙−DaAa + Θ
2
3
+ Θ̂K̂ −AaAa − 2ωaωa + σabσab − E
+
(
K̂aKa +K
aLa + L
aK̂a
)
− Λ˜
2
+
κ˜2
2
(ρ˜+ π˜ + p˜) , (27)
0 = K˙〈a〉 −A′〈a〉 +
(
K +
Θ
3
)
Ka +
(
K − Θ
3
)
K̂a + Ea
+K̂
(
Âa +Aa
)
+ (ωba + σba)
(
Kb − K̂b
)
− κ˜
2
3
π˜a , (28)
0 = L˙〈a〉 +DaK̂ +
(
K +
Θ
3
)
La +
(
K̂ +
Θ̂
3
)
Aa +
(
K − Θ
3
)
K̂a
+(ω̂ab + σ̂ab)A
b − (ωab + σab)
(
K̂b − Lb
)
+ Ea − κ˜
2
3
π˜a , (29)
0 = ω˙〈a〉 −
1
2
ε cda DcAd + K̂ω̂a +
2Θ
3
ωa − σabωb + 1
2
ε cda
(
KcK̂d +KcLd + K̂cLd
)
, (30)
80 = σ˙〈ab〉 −D〈aAb〉 +
2Θ
3
σab + K̂σ̂ab −A〈aAb〉 +K〈aLb〉
+K̂〈aKb〉 + L〈aK̂b〉 + ω〈aωb〉 + σc〈aσ
c
b〉 + Eab −
κ˜2
3
π˜ab , (31)
0 = Θ′ −DaKa −
(
K − Θ
3
)
Θ̂ + (Ka + La) Âa −Aa (Ka − La)− 2ω̂aωa + σ̂abσab − κ˜2q˜ , (32)
0 = L′〈a〉 −DaK +
(
K − Θ
3
)
Âa −
(
K̂ − Θ̂
3
)
La +
(
K̂ +
Θ̂
3
)
Ka
+(σ̂ab + ω̂ab)
(
Kb + Lb
)− (ωab + σab) Âb − Êa + κ˜2
3
q˜a , (33)
0 = ω′〈k〉 −
1
2
ε abk DaKb −
1
2
ε abk
(
Ab + Âb
)
(Ka − La)−
(
K − Θ
3
)
ω̂k (34)
+
Θ̂
3
ωk +
1
2
ε abk ωaω̂b −
1
2
σ̂kaω
a − 1
2
σkaω̂
a +
1
2
ε abk σcbσ̂
c
a −
1
2
Hk , (35)
0 = σ′〈ab〉 −D〈aKb〉 −A〈b
(
Ka〉 − La〉
)
+ Â〈b
(
Ka〉 + La〉
)
+
Θ̂
3
σab
−
(
K − Θ
3
)
σ̂ab + ω〈aω̂b〉 + ωc〈aσ̂
c
b〉 + σ
d
〈a ω̂b〉d + σc〈aσ̂
c
b〉 + Fab , (36)
0 = ε abk DaLb + 2
(
K̂ +
Θ̂
3
)
ωk + 2
(
K − Θ
3
)
ω̂k + ε
ab
k ωaω̂b − σ̂kaωa + σkaω̂a − ε abk σcbσ̂ ca +Hk , (37)
0 = Daωa −Aaωa + ω̂a (Ka − La) , (38)
0 = D〈cωk〉 + εab〈kD
bσ ac〉 + 2A〈cωk〉 − 2K〈cω̂k〉 − L〈cω̂k〉 + ε ab〈k σ̂c〉bLa +Hkc , (39)
0 = Dbσab + ε
ck
a Dcωk −
2
3
DaΘ+
2Θ̂
3
La − ε cka Lcω̂k
+2ε cka (Acωk −Kcω̂k)− σ̂abLb + Êa +
2κ˜2
3
q˜b . (40)
The Ricci identity for na gives the following independent equations:
0 =
˙̂
Θ−DaK̂a +
(
K̂ +
Θ̂
3
)
Θ−
(
K̂a − La
)
Aa + Â
a
(
K̂a + La
)
− 2ωaω̂a + σ̂abσab − κ˜2q˜ , (41)
0 = ˙̂ω〈k〉 −
1
2
ε abk DaK̂b +
1
2
ε abk
(
Âb +Ab
)(
K̂a + La
)
+
(
K̂ +
Θ̂
3
)
ωk
+
Θ
3
ω̂k +
1
2
ε abk ω̂aωb −
1
2
σ̂kaω
a − 1
2
σkaω̂
a +
1
2
ε abk σ̂cbσ
c
a +
1
2
Hk , (42)
0 = ˙̂σ〈ab〉 −D〈aK̂b〉 + Â〈b
(
K̂a〉 + La〉
)
−A〈b
(
K̂a〉 − La〉
)
+
Θ
3
σ̂ab
+
(
K̂ +
Θ̂
3
)
σab + ω〈aω̂b〉 − ωc〈aσ̂ cb〉 − σ d〈a ω̂b〉d + σc〈aσ̂ cb〉 + Fab , (43)
0 = K̂ ′〈a〉 − ˙̂A〈a〉 −
(
K̂ − Θ̂
3
)
K̂a −
(
K̂ +
Θ̂
3
)
Ka −K
(
Aa + Âa
)
+(ω̂ba + σ̂ba)
(
K̂b −Kb
)
+ Êa − κ˜
2
3
q˜a , (44)
0 = Θ̂′ −DaÂa + Θ̂
2
3
−ΘK + ÂaÂa − 2ω̂aω̂a + σ̂abσ̂ab + E
−
(
K̂aKa − K̂aLa − LaKa
)
+
Λ˜
2
+
κ˜2
2
(π˜ + ρ˜− p˜) , (45)
90 = ω̂′〈a〉 −
1
2
ε cda DcÂd −Kωa +
2Θ̂
3
ω̂a − σ̂abω̂b − 1
2
ε cda
(
KcK̂d + K̂cLd +KcLd
)
, (46)
0 = σ̂′〈ab〉 −D〈aÂb〉 +
2Θ̂
3
σ̂ab −Kσab + Â〈aÂb〉 + K̂〈aLb〉
−K̂〈aKb〉 + L〈aKb〉 + ω̂〈aω̂b〉 + σ̂c〈aσ̂ cb〉 + Êab +
κ˜2
3
π˜ab , (47)
0 = Daω̂a + Âaω̂
a − ωa
(
K̂a + La
)
, (48)
0 = D〈cω̂k〉 + εab〈kD
bσ̂ ac〉 − 2Â〈cω̂k〉 + 2K̂〈cωk〉 − L〈cωk〉 + ε ab〈k σc〉bLa + Ĥkc , (49)
0 = Dbσ̂ab + ε
ck
a Dcω̂k −
2
3
DaΘ̂ +
2Θ
3
La − ε cka Lcωk
−2ε cka
(
Âcω̂k − K̂cωk
)
− σabLb − Ea − 2κ˜
2
3
π˜a . (50)
B. Conservations laws
The twice-contracted 5d Bianchi identities imply ∇˜aT˜ab = 0, which can be decomposed into the projections taken
with u, n and h, respectively:
0 = ˙˜ρ+ q˜′ +Daq˜a + ρ˜ (K +Θ) +Kπ˜ +Θp˜+ π˜
abσab
−q˜
(
2K̂ − Θ̂
)
+ q˜a
(
2Aa − Âa
)
+ π˜a (La +Ka) , (51)
0 = ˙˜q + π˜′ +Daπ˜a + π˜
(
Θ̂− K̂
)
− K̂ρ˜− Θ̂p˜− π˜abσ̂ab
+q˜ (2K +Θ)− π˜a
(
2Âa −Aa
)
− q˜a
(
K̂a − La
)
, (52)
0 = ˙˜q〈k〉 + π˜
′
〈k〉 +Dkp˜+D
aπ˜ak +
4Θ̂
3
π˜k +
4Θ
3
q˜k − K̂π˜k +Kq˜k + ρ˜Ak + π˜Âk
−p˜
(
Âk −Ak
)
+ q˜aωak + q˜
aσak + π˜
aω̂ak + π˜
aσ̂ak + q˜
(
K̂k +Kk
)
− π˜ak
(
Âa −Aa
)
. (53)
The first of these equations is the continuity equation, as can be easily verified in the homogeneous, isotropic case
(q˜ = q˜a = π˜a = π˜ab = 0 and Θ = 3H) and for K = 0. The ensemble of the equations represent an incomplete set of
evolution equations for the 5d matter (there are no evolution equations for p˜, π˜, π˜a, π˜ab).
C. Bianchi identities
The equations independent from Eqs. (51)-(53) arising from the 5d Bianchi identities are:
0 = E˙ −DaÊa + 4
3
ΘE + Êabσab −Fabσ̂ab + 3Haω̂a − Ea
(
2K̂a + La
)
− 2ÊaAa
− κ˜
2
2
(ρ˜− π˜ + p˜)· − 2κ˜
2
3
Daq˜a − 2κ˜
2
3
Θ (ρ˜+ p˜)
−2κ˜
2
3
Θ̂q˜ − 4κ˜
2
3
q˜aA
a − 2κ˜
2
3
π˜a
(
2K̂a + La
)
− 2κ˜
2
3
π˜abσ
ab , (54)
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0 = E˙〈k〉 +DaFka +
1
2
ε abk DaHb − Eka
(
K̂a + La
)
− ÊkaLa −
(
K̂ +
Θ̂
3
)
Êk + 4
3
ΘEk
+
4E
3
K̂k + FkaAa − 1
2
(σka + ωka) Ea − (σ̂ka − 2ω̂ka) Êa − 2Hkaω̂a − Ĥkaωa
+ε abk Ĥcaσ cb −
3
2
ε abk HaAb +
2κ˜2
3
˙˜
P 〈k〉 +
2κ˜2
3
Dkq˜ +
2κ˜2
3
(π˜ − p˜) K̂k
+
2κ˜2
3
(ρ˜+ π˜)Lk − 2κ˜
2
3
(
K̂ +
Θ̂
3
)
q˜k − 2κ˜
2
3
(ω̂ka + σ̂ka) q˜
a
−2κ˜
2
3
π˜kaK̂
a +
2κ˜2
3
(ωka + σka) π˜
a +
2κ˜2Θ
9
π˜k +
2κ˜2q˜
3
Ak , (55)
0 = H˙〈k〉 − ε abk DaEb − ĤkaAa +HkaK̂a − Ekaω̂a −
8
3
Eω̂k + Fkaωa + ε abk Facσ cb +ΘHk
+
3
2
(ωka − σka)Ha + ε abk
[
3
2
(
ÊaK̂b −AaEb
)
− LaÊb
]
− ε abk Eacσ̂ cb +
κ˜2
3
ε abk Daπ˜b
− κ˜
2
3
ε abk q˜aLb +
2κ˜2
3
q˜ωk +
κ˜2
3
ε abk π˜acσ̂
c
b +
2κ˜2
3
(π˜ − p˜) ω̂k + κ˜
2
3
π˜kaω̂
a , (56)
0 =
˙̂E〈k〉 + E ′〈k〉 −DkE − EkaÂa − ÊkaAa +KÊk − K̂Ek +
2
3
(
ΘÊk + Θ̂Ek
)
+2 (ωka + σka) Êa + 2 (ω̂ka + σ̂ka) Ea + Fka
(
Ka + K̂a
)
+
3
2
εkabHa
(
K̂b −Kb
)
−4
3
E
(
Ak − Âk
)
− κ˜
2
6
Dk (ρ˜− π˜ + p˜) + κ˜
2
3
Daπ˜ak
+
2κ˜2
9
(
Θ̂π˜k +Θq˜k
)
− κ˜
2
3
[(3ω̂ka + σ̂ka) π˜
a + (3ωka + σka) q˜
a] , (57)
0 = E˙〈kj〉 −F ′〈kj〉 − εab〈kDaH bj〉 −
1
2
D〈kÊj〉 +
(
K − Θ
3
)
Êkj + (K +Θ) Ekj
+
2E
3
σkj + 2
(
K̂ − Θ̂
3
)
Fkj − Ê〈k
(
Aj〉 −
3
2
Âj〉
)
+
1
2
E〈k
(
4K̂j〉 − Lj〉 − 3Kk〉
)
+
3
2
H〈kω̂j〉 + 2Êa〈kσ aj〉 +
3
2
ε ab〈j σ̂k〉aHb + E a〈k
(
ωj〉a − 3σj〉a
)−F a〈j (ω̂k〉a − σ̂k〉a)
+ε ab〈k Hj〉a
(
2Ab − Âb
)
− ε ab〈k Ĥj〉a (Kb + Lb) +
2κ˜2
3
˙˜π〈kj〉 +
2κ˜2
3
D〈k q˜j〉 +
2κ˜2
9
Θπ˜jk
+
2κ˜2
3
π˜〈k
(
3K̂j〉 + Lj〉
)
+ 2κ˜2q˜〈kAj〉 +
2κ˜2
3
q˜σ̂jk +
2κ˜2
3
(ρ˜+ p˜)σjk +
2κ˜2
3
π˜ a〈j
(
ωk〉a + σk〉a
)
, (58)
0 = F˙〈kj〉 − E ′〈kj〉 +D〈kEj〉 +
(
K̂ − Θ̂
3
)
Ekj + K̂Êkj + 4E
3
σ̂kj +
(
2K +
Θ
3
)
Fkj
−3
2
H〈kωj〉 − Ê〈j
(
3
2
K̂k〉 − Lk〉 −Kk〉
)
+ F a〈j
(
ωk〉a + σk〉a
)− 2E〈k (Âj〉 − 3
4
Aj〉
)
−E a〈j
(
ω̂k〉a + σ̂k〉a
)
+ ε ab〈k Hj〉a
(
K̂b − 2Kb
)
+ ε ab〈j Ĥk〉aAb +
3
2
ε ab〈j σk〉aHb +
κ˜2
3
π˜′〈kj〉
− κ˜
2
3
D〈kπ˜j〉 +
κ˜2
9
Θ̂π˜kj − κ˜
2
3
(π˜ − p˜) σ̂kj − κ˜
2
3
q˜σkj
+
κ˜2
3
π˜ a〈j
(
ω̂k〉a + σ̂k〉a
)
+
2κ˜2
3
π˜〈jÂk〉 +
κ˜2
3
q˜j
(
2Kk〉 − Lk〉
)
, (59)
11
0 = H˙〈kj〉 + εab〈kDaE bj〉 + K̂Ĥkj + ΘHkj −
3
2
H〈kK̂j〉 −
3
2
Ê〈jωk〉 −
(
ωa〈k + 3σa〈k
)H aj〉
+ε ab〈k Fj〉a
(
K̂b + 2Lb
)
+ ε ab〈k
(
Êj〉a − 2Ej〉a
)
Ab − 1
2
ε ab〈k σj〉aÊb + ε ab〈k σ̂j〉aEb
+3E〈jω̂k〉 −
κ˜2
3
εab〈kD
aπ˜ bj〉 − κ˜2
(
q˜〈jωk〉 + π˜〈jω̂k〉
)− κ˜2
3
ε ab〈k
(
σj〉aq˜b + σ̂j〉aπ˜b
)
, (60)
0 =
˙̂E 〈kj〉 −F ′〈kj〉 −D〈kÊj〉 +
(
K +
Θ
3
)
Êkj +KEkj + 4E
3
σkj +
(
2K̂ − Θ̂
3
)
Fkj − 3
2
H〈kω̂j〉
−F a〈j
(
ω̂k〉a + σ̂k〉a
)− E〈j (3
2
Kk〉 + Lk〉 − K̂k〉
)
− 2Ê〈k
(
Aj〉 −
3
4
Âj〉
)
+ Ê a〈j
(
ωk〉a + σk〉a
)
−ε ab〈k Ĥj〉a
(
Kb − 2K̂b
)
− ε ab〈j Hk〉aÂb +
3
2
ε ab〈j σ̂k〉aHb +
κ˜2
3
˙˜π〈kj〉 +
κ˜2
3
D〈k q˜j〉 +
κ˜2
3
(ρ˜+ p˜)σkj
+
κ˜2q˜
3
σ̂kj +
κ˜2Θ
9
π˜kj +
2κ˜2
3
q˜〈jAk〉 +
κ˜2
3
π˜〈j
(
2K̂k〉 + Lk〉
)
+
κ˜2
3
π˜ a〈j
(
ωk〉a + σk〉a
)
, (61)
0 =
˙̂H〈kj〉 + εab〈kDaFbj〉 −
1
2
D〈jHk〉 +
(
K̂ +
Θ̂
3
)
Hkj + 2Θ
3
Ĥkj − 2Ha〈kσ̂ aj〉
+Ĥ a〈j
(
ωk〉a − σk〉a
)
+
3
2
E〈jωk〉 − 3ω̂〈kÊj〉 − ε ab〈k Ej〉a
(
K̂b − Lb
)
−3
2
H〈kAj〉 + ε ab〈k Êj〉a
(
2K̂b + Lb
)
+
3
2
ε ab〈k σj〉aEb − ε ab〈k Fj〉aAb , (62)
0 = E ′ +DaEa + 4
3
Θ̂E − 2EaÂa − Êa (2Ka − La) + 3ωaHa + Fabσab
−Eabσ̂ab − κ˜
2
2
(ρ˜− π˜ + p˜)′ + 2κ˜
2
3
Daπ˜a +
2κ˜2Θ
3
q˜
−2κ˜
2Θ̂
3
(p˜− π˜)− 4κ˜
2
3
π˜aÂ
a − 2κ˜
2
3
q˜a (2K
a − La)− 2κ˜
2
3
π˜abσ̂
ab , (63)
0 = Ê ′〈k〉 −DaFka +
1
2
ε abk DaHb − Êka (Ka − La) + EkaLa −
1
2
(σ̂ka + ω̂ka) Êa
− (σka − 2ωka) Ea + 2Ĥkaωa +Hkaω̂a + FkaÂa +
(
K − Θ
3
)
Ek − 4E
3
Kk
+
4Θ̂
3
Êk − ε abk Hcaσ̂ cb +
3
2
ε abk HaÂb +
2κ˜2
3
q˜′〈k〉 −
2κ˜2
3
Dk q˜
+
2κ˜2
3
(ρ˜+ p˜)Kk − 2κ˜
2
3
(π˜ + ρ˜)Lk +
2κ˜2
3
(
K − Θ
3
)
π˜k +
2κ˜2Θ̂
9
q˜k
−2κ˜
2
3
(ωka + σka) π˜
a +
2κ˜2
3
(ω̂ka + σ̂ka) q˜
a +
2κ˜2q˜
3
Âk +
2κ˜2
3
π˜kaK
a , (64)
0 = H′〈k〉 + ε abk DaÊb +HkaÂa − ĤkaKa + Êkaωa −Fkaω̂a + ε abk Êacσ cb − ε abk Facσ̂ cb +
3
2
(ω̂ka − σ̂ka)Ha
+Θ̂Hk − 8
3
Eωk − ε abk
[
3
2
ÂaÊb − 3
2
EaKb − LaEb
]
− κ˜
2
3
ε abk Daq˜b +
κ˜2
3
ε abk π˜aLb
−2κ˜
2q˜
3
ω̂k +
κ˜2
3
ε abk π˜acσ
c
b −
2κ˜2
3
(ρ˜+ p˜)ωk +
κ˜2
3
π˜kaω
a , (65)
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0 = E ′〈k〉 +DaÊka −
2
3
DkE + Θ̂Ek + 4E
3
Âk − EkaÂa − 3Ĥkaω̂a +
(
K − 2
3
Θ
)
Êk + Fka (Ka − 2La)
+
1
2
(3σ̂ka + ω̂ka) Ea + (σka + 3ωka) Êa − 3
2
ε abk HaKb + ε abk Ĥcaσ̂ cb +
2κ˜2
3
π˜′〈k〉 +
κ˜2
3
Daπ˜ka
− κ˜
2
3
Dk (ρ˜+ π˜ − p˜) + 2κ˜
2q˜
3
(Kk − 2Lk) + 2κ˜
2
3
(
K +
Θ
3
)
q˜k − 2κ˜
2
3
π˜kaÂ
a
+
2κ˜2
3
(π˜ − p˜) Âk + 2κ˜
2
3
Θ̂π˜k +
κ˜2
3
[(ω̂ka + 3σ̂ka) π˜
a − (3ωka + σka) q˜a] , (66)
0 = Ê ′〈kj〉 − E ′〈kj〉 + εab〈kDaĤ bj〉 +
1
2
D〈kEj〉 +
2E
3
σ̂jk − 2Θ̂
3
Ekj + Θ̂Êkj − E〈kÂj〉
−3H〈kωj〉 −
1
2
Ê〈k
(
2Kj〉 − Lj〉
)
+ 2Fa〈kσ aj〉 − E a〈k
(
ω̂j〉a − σ̂j〉a
)
+ Ê a〈k
(
ω̂j〉a − 3σ̂j〉a
)
−Θ
3
Fkj + 2ε ab〈k Ĥj〉aÂb − ε ab〈k Hj〉a (2Kb − Lb)−
κ˜2
3
π˜′〈kj〉 −
κ˜2
3
q˜〈k
(
4Kj〉 − Lj〉
)
+
κ˜2
3
D〈kπ˜j〉 −
4κ˜2
3
π˜〈kÂj〉 +
κ˜2
3
q˜σjk +
κ˜2
3
(π˜ − p˜) σ̂jk − κ˜
2Θ̂
9
π˜jk − κ˜
2
3
π˜ a〈k
(
ω̂j〉a + σ̂j〉a
)
, (67)
0 = H′〈kj〉 + εab〈kDaF bj〉 +
1
2
D〈jHk〉 −
(
K − Θ
3
)
Ĥkj + 2Θ̂
3
Hkj − 3
2
H〈kÂj〉
−3
2
Ê〈jω̂k〉 + 3ω〈kEj〉 − 2Ĥa〈kσ aj〉 +H a〈j
(
ω̂k〉a − σ̂k〉a
)
+ ε ab〈k Êj〉a (Kb + Lb)
−ε ab〈k Ej〉a (2Kb − Lb)−
3
2
ε ab〈k σ̂j〉aÊb + ε ab〈k Fj〉aÂb , (68)
0 = Ĥ′〈kj〉 + εab〈kDaÊ bj〉 −
3
2
H〈kKj〉 −KHkj + Θ̂Ĥkj −
(
ω̂a〈k + 3σ̂a〈k
) Ĥ aj〉 + 32E〈jω̂k〉
−ε ab〈k
(
Ej〉a − 2Êj〉a
)
Âb +
1
2
ε ab〈k σ̂j〉aEb − ε ab〈k σj〉aÊb − ε ab〈k Fj〉a (Kb − 2Lb)
−3Ê〈jωk〉 +
κ˜2
3
εab〈kD
aπ˜ bj〉 + κ˜
2 (q˜〈jωk〉 + π˜〈jω̂k〉)+ κ˜2
3
ε ab〈k
(
σj〉aq˜b + σ̂j〉aπ˜b
)
, (69)
0 = DkHk − Ĥabσab +Habσ̂ab − 3Eaωa − 3Êaω̂a , (70)
0 = DaÊak −DaEak − 1
3
DkE − Θ̂
3
Ek − Θ
3
Êk + 3Hkaωa − ε abk Hacσ cb
+
1
2
[
(3ω̂ka + σ̂ka) Ea + (3ωka + σka) Êa
]
− 3Ĥkaω̂a + ε abk Ĥacσ̂ cb −
κ˜2
3
Daπ˜ak
+
κ˜2
6
Dk (ρ˜− π˜ + p˜)− 2κ˜
2Θ
9
q˜k − 2κ˜
2Θ̂
9
π˜k + κ˜
2q˜aωka +
κ˜2
3
q˜aσka + κ˜
2π˜aω̂ka +
κ˜2
3
π˜aσ̂ka , (71)
0 = DaHak + 1
2
ε abk DaÊb −
Θ̂
3
Hk − 4E
3
ωk − ĤkaLa − 2Fkaω̂a − (σ̂ka − 2ω̂ka)Ha
−
(
Êka − 3Eka
)
ωa − ε abk
(
Eac − Êac
)
σ cb −
1
2
ε abk EaLb +
κ˜2
3
ε abk Daq˜b
− κ˜
2
3
ε abk π˜aLb +
2κ˜2
3
q˜ω̂k +
2κ˜2
3
(ρ˜+ p˜)ωk − κ˜
2
3
π˜kaω
a − κ˜
2
3
ε abk π˜
c
a σbc , (72)
0 = DaĤak − 1
2
ε abk DaEb −
Θ
3
Hk −HkaLa + 2Fkaωa +
(
Eka − 3Êka
)
ω̂a − 4E
3
ω̂k
− (σka − 2ωka)Ha − 1
2
ε abk LaÊb + ε abk σ̂ cb
(
Êca − Eca
)
− κ˜
2
3
ε abk Daπ˜b
− κ˜
2
3
ε abk Laq˜b −
2κ˜2q˜
3
ωk − 2κ˜
2
3
(π˜ − p˜) ω̂k − κ˜
2
3
π˜kaω̂
a +
κ˜2
3
ε abk π˜cbσ̂
c
a . (73)
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IV. 3+1 GRAVITATIONAL DYNAMICS ON THE BRANE
In this section we consider distributional energy-momentum tensor sources on the brane, in addition to the regular
energy-momentum tensor T˜ab. Such a distributional source comes together with a discontinuity in the extrinsic
curvature, as related by the Lanczos equation.
A. The Lanczos equation
The extrinsic curvature of the brane is (4)Kab = ∇(cnd) = ga(cgbd)∇˜anb, equal to the symmetrized version of the last
four terms of Eq. (6b). Replacing K̂ab by the expression (9), and specializing to the brane cf. Eqs. (11), the extrinsic
curvature is expressed as
(4)Kab = K̂uaub − 2u(aK̂b) +
Θ̂
3
hab + σ̂ab . (74)
As we approach the brane from left or right, the limiting values of the extrinsic curvature could be different, according
to the embedding and 5d metric in the two regions. Therefore we introduce averages and differences of the extrinsic
curvature.
The Lanczos equation [46], [47] relates the jump of the extrinsic curvature across the brane to the distributional
matter layer:
∆(4)Kab = −κ˜2
(
τab − τ
3
gab
)
. (75)
The uaub, uahbc, trace and trace-free parts of the h
a
ch
b
d projections give:
∆K̂ =
κ˜2
3
(λ− 2ρ− 3p) , (76)
∆K̂a = κ˜
2qa , (77)
∆Θ̂ = −κ˜2 (λ+ ρ) , (78)
∆σ̂ab = −κ˜2πab . (79)
The Lanczos equation is necessary in order to derive the gravitational dynamics on the brane, given by a scalar (the
twice-contracted Gauss), a 4d vectorial (the Codazzi) and a 4d tensorial (the effective Einstein) equations [3]. The
latter has been first derived in [48], later generalized to include bulk matter and asymmetric embedding contributions
(Eq. (1) in [3]).
B. The 3+1 decomposition of the source terms of the effective Einstein equation
We give the 3+1 covariant decomposition of the source terms of the effective Einstein equation. This equation is
[3]:
Gab = −
(
Λ− κ˜
2 〈π˜〉
2
)
gab + κ
2Tab + κ˜
4Sab −
〈
(4)Eab
〉
+ 〈Lab〉+ 〈Pab〉 . (80)
The sources are: the stress-energy tensor Tab representing standard model matter [decomposed in Eq. (18)]; the source
term Sab quadratic in Tab (dominant at high energies), 〈Pab〉 the pull-back to the brane of the bulk matter; 〈Lab〉 a
source term originating in the asymmetry of the embedding and (4)Eab the contribution of the electric part (relative
to the vector na) of the 5d Weyl tensor. We have defined the 4d coupling constant κ2 and the brane cosmological
constant Λ as
6κ2 = κ˜4λ , (81)
2Λ = κ2λ+
〈
Λ˜
〉
. (82)
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The quadratic source term is decomposed as
Sab =
1
24
(
2ρ2 − 3πcdπcd
)
uaub +
1
24
(
2ρ2 + 4pρ− 4qcqc + πcdπcd
)
hab
+
1
4
q〈aqb〉 +
ρ
3
q(aub) −
1
2
qcπc(aub) −
ρ+ 3p
12
πab − 1
4
πc〈aπ
c
b〉 . (83)
Some of the numerical coefficients here are corrected with respect to the corresponding expression (7) given in Ref.
[11].
The electric part of the 5d Weyl tensor expressed in terms of gravito-electro-magnetic quantities defined in Section
II C is 〈
(4)Eab
〉
= 〈E〉
(
uaub +
1
3
hab
)
− 2
〈
Ê(a
〉
ub) +
〈
Êab
〉
. (84)
The asymmetry source term is decomposed as
〈Lab〉 = 1
3
[〈
Θ̂
〉2
− 3
2
〈σ̂cd〉
〈
σ̂cd
〉]
uaub
−u(a
[
4
3
〈
Θ̂
〉
hb)c − 2
〈
σ̂b)c
〉] 〈
K̂c
〉
+
1
9
[
6
〈
Θ̂
〉〈
K̂
〉
− 9
〈
K̂c
〉〈
K̂c
〉
−
〈
Θ̂
〉2
+
9
2
〈σ̂cd〉
〈
σ̂cd
〉]
hab
+
〈
K̂a
〉〈
K̂b
〉
+
〈
Θ̂
3
− K̂
〉
〈σ̂ab〉 − 〈σ̂ ca 〉 〈σ̂bc〉 . (85)
As the induced metric is continuous, the average of the trace L = gabLab is the trace of the average:
〈L〉 = 〈σ̂cd〉
〈
σ̂cd
〉
− 2
〈
K̂b
〉〈
K̂b
〉
− 2
3
〈
Θ̂
〉2
+ 2
〈
Θ̂
〉〈
K̂
〉
. (86)
For a symmetric embedding
〈
(4)Kab
〉
= 0, therefore cf. Eq. (74)
〈
Θ̂
〉
=
〈
K̂
〉
= 0 =
〈
K̂c
〉
= 〈σ̂cd〉, so that 〈Lab〉 = 0.
Finally,
6Pab
κ˜2
= 3 (ρ˜+ p˜) uaub + 8q˜(aub) + (ρ˜+ p˜)hab + 4π˜ab . (87)
C. Gravitational dynamics on the brane: generic embedding
In order to obtain the evolution and constraint equations on the brane, we select a subset of the Ricci and Bianchi
equations given in subsections III A and III C, by combining them in such a way, that the off-brane derivatives of the
kinematical and gravito-electro-magnetic quantities drop out. Additionally, the equations of this subset contain only
quantities appearing in the effective Einstein equation and in the 4d theory.
First we express Ha, Ea, Fab and Ĥab from (37), (50), (43) and (49) respectively and we employ the definitions (14),
(15) in order to introduce Eab and Hab in place of Eab and Hab. Inserting these into the system of equations given
by the following equations: (41), (29), (54), (57)-(66), (27), (30), (31), (38), (39), (40), (58)-(61), (60), (71) and (72),
evaluated at the brane, we obtain a system of equations to be referred as the brane Eqs. These equations are either
evolution or constraint equations on the brane and for a generic asymmetric embedding are presented in Appendix
C. The evolutions refer to the quantities Θ̂, K̂a, Θ, ωa, σab, E , Êa, Eab, Hab.
D. Gravitational evolution and constraint equations on a symmetrically embedded brane
In this subsection we restrict ourselves to symmetrically embedded branes. The Z2-symmetric embedding arises
when there is a perfect symmetry between the 5d space-time regions on the two sides of the brane. In this case the
extrinsic curvatures on the two sides of the brane are opposite. This is due to the fact, that the normal vectors to the
brane on its two sides are na and −na, respectively. Therefore ∆(4)Kab = 2(4)Kab and Kab = 0.
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We present a system of evolution and constrain equations, which hold on the brane and contain no off-brane
derivatives .We obtain these equations by specifying Eqs. (C1)-(C14) for a symmetrically embedded brane; then
replacing Θ̂, K̂a, K̂ and σ̂ab with the corresponding matter variables as given by the projections (76)-(79) of the
Lanczos equation, again specified for a symmetrically embedded brane. Finally, we employ the definitions (81) and
(82), whenever possible.
For improved clarity we group all general relativistic contributions on the left hand side of the equations, keeping
the brane-world contributions on the right hand side:
ρ˙+Daqa + (ρ+ p)Θ + 2q
aAa + πabσ
ab = −2q˜ , (88)
q˙〈a〉 +Dap+D
bπab +
4Θ
3
qa + (ρ+ p)Aa + πabA
b − ωabqb + σabqb = −2π˜a , (89)
0 = E˙ −DaÊa + 4
3
ΘE + Êabσab − 2ÊaAa + κ˜
4
4
[
πabπ·〈ab〉 + π
abDaqb + q
aDbπab − 2
3
qaDaρ
+2Abqaπ
ab +
Θ
3
πabπ
ab + (ρ+ p)σabπ
ab + σcaπ
c
b π
ab +
2Θ
3
qaq
a − σabqaqb
]
− κ˜
2
2
(ρ˜− π˜ + p˜)· − 2κ˜
2
3
Daq˜a − 2κ˜
2
3
Θ (ρ˜+ p˜) + 2κ2q˜ +
κ˜4
3
ρq˜ − 4κ˜
2
3
q˜aA
a − 2κ˜
2
3
π˜abσ
ab , (90)
0 =
˙̂E〈k〉 +
4
3
ΘÊk − 1
3
DkE − 4E
3
Ak −DaÊka − ÊkaAa − (ωka − σka) Êa
+
κ˜4
4
[
−π˙〈ka〉qa − (ρ+ p)Dbπkb − qaσckπ ca +
2
3
(ρ+ p)Dkρ− 2Θ
3
(ρ+ p) qk
−2qaDkqa + qaDaqk + 1
3
qkD
aqa − 2qaA〈kqa〉 + σbaπ bk qa −
2
3
qkσabπ
ab
+πabDkπab − π ab Dbπka −
1
3
π ak Daρ− εcabqaωbπ ck − ε abk qcωaπ cb
]
+
κ˜2
3
[
−2π˜′〈k〉 +
1
2
Dk (ρ˜+ 3π˜ − 3p˜) + κ˜
2
3
(2λ− ρ− 3p) π˜k − 2Kq˜k
−2
3
q˜
(
2K̂k +Kk
)
+ 2π˜kaÂ
a − 2 (π˜ − p˜) Âk + 5κ˜
2
2
πkaπ˜
a
]
, (91)
Θ˙−DaAa + Θ
2
3
−AaAa − 2ωaωa + σabσab + κ
2
2
(ρ+ 3p)− Λ
= E + κ˜
4
4
qaqa − κ˜
4
12
ρ (2ρ+ 3p)− κ˜
2
2
(ρ˜+ π˜ + p˜) , (92)
σ˙〈ab〉 −D〈aAb〉 +
2Θ
3
σab −A〈aAb〉 + ω〈aωb〉 + σc〈aσ cb〉 + Eab −
κ2
2
πab
=
κ˜4
8
q〈aqb〉 −
κ˜4
8
πc〈aπ
c
b〉 −
κ˜4
24
(ρ+ 3p)πab − 1
2
Êab + κ˜
2
3
π˜ab , (93)
ω˙〈a〉 −
1
2
ε cda DcAd +
2Θ
3
ωa − σabωb = 0 , (94)
Dbσab − 2
3
DaΘ+ ε
ck
a Dcωk + 2ε
ck
a Acωk + κ
2qa = − κ˜
4
6
ρqa +
κ˜4
4
πabq
b − Êa − 2κ˜
2
3
q˜a , (95)
D〈cωk〉 + εab〈kD
bσ ac〉 + 2A〈cωk〉 +Hab = 0 , (96)
Daωa −Aaωa = 0 , (97)
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E˙〈kj〉 − εab〈kDaH bj〉 +ΘEkj + Ea〈k
(
ωj〉a − 3σj〉a
)
+ 2ε ab〈k Hj〉aAb
+
κ2
2
[
π˙〈kj〉 +D〈kqj〉 + (ρ+ p)σkj + 2q〈kAj〉 +
Θ
3
πkj + π
a
〈k
(
ωj〉a + σj〉a
)]
=
1
2
˙̂E〈kj〉 −
1
2
D〈kÊj〉 +
1
2
Ê a〈j
(
ωk〉a + σk〉a
)
+
Θ
6
Êkj − Ê〈kAj〉 +
2E
3
σkj
+
κ˜4
24
[
(ρ+ 3p) π˙〈kj〉 + 6π
a
〈j π˙k〉a + (ρ+ 3p)
·
πkj − 2q〈kDj〉 (ρ− 3p)− 2ρD〈kqj〉 + 3π a〈j Dk〉qa
+6q〈kD
bπj〉b + 3qaD〈kπ
a
j〉 − 2ρ (ρ+ p)σkj + 7Θq〈kqj〉 + 2 (ρ+ 3p) q〈kAj〉 +Θπ a〈j πk〉a
+
Θ
3
(ρ+ 3p)πkj + (ρ+ 3p)π
a
〈k
(
ωj〉a + σj〉a
)
+ 3q〈kσj〉bq
b + 3π a〈j ωk〉cπ
c
a + 3σjkq
aqa
−9q〈kωj〉aqa + 6q〈kπj〉aAa + 6πa〈jAk〉qa + 3π ac π c〈k σj〉a
]
+
κ˜2
3
[
˙˜π〈kj〉 +D〈kq˜j〉 −
κ˜2
2
π˜〈kqj〉 + 4q˜〈kAj〉 + (ρ˜+ p˜) σjk +
Θ
3
π˜jk + π˜
a
〈j
(
ωk〉a + σk〉a
)]
, (98)
H˙〈kj〉 + εab〈kD
aE bj〉 +ΘHkj − 3σa〈kH aj〉 − ωa〈kH aj〉 − 2ε ab〈k Ej〉aAb −
κ2
2
(
εab〈kD
aπ bj〉 + 3ω〈kqj〉 + ε
ab
〈k σj〉aqb
)
= −1
2
εab〈kD
aÊ bj〉 +
1
2
ε ab〈k σj〉aÊb +
3
2
Ê〈jωk〉 +
κ˜4
24
[
ε cd〈k πj〉cDd (ρ+ 3p)− (ρ+ 3p) εab〈kDaπ bj〉
−3εab〈kDaπj〉cπcb − 3εab〈kπj〉cDaπcb + 6ρω〈kqj〉 + 2ρε ab〈k σj〉aqb + 3εab〈kqj〉Daqb + 3εab〈kqbDaqj〉
+3ε ab〈k σj〉bπ
c
a qc − 9π a〈j ωk〉qa
]
+
κ˜2
3
(
εab〈kD
aπ˜ bj〉 + 3q˜〈jωk〉 + ε
ab
〈k σj〉aq˜b
)
, (99)
DaEak − 3Hkaωa + ε abk Hacσ cb +
κ2
2
[
−2
3
Dkρ+D
aπak +
2
3
Θqk − σkbqb − 3ε cdk qcωd
]
=
1
2
DaÊak − 1
3
DkE − Θ
3
Êk + 1
2
(3ωka + σka) Êa + κ˜
4
24
[
4
3
ρDkρ+ πakD
a (ρ+ 3p)
+ (ρ+ 3p)Daπak + 3π
c
a D
aπck − 4πabDkπab + 3πkbDaπ ba + 2qaDkqa − 3qaDaqk
−3qkDaqa + 9ε adk qcωaπ cd − 3π ba qaσkb −
4
3
ρΘqk + 2ρσkbq
b + 6ρε cdk qcωd + 2Θπ
a
k qa
]
− κ˜
2
3
[
Daπ˜ak − 1
2
Dk (ρ˜− π˜ + p˜) + 2
3
Θq˜k − q˜a (3ωka + σka)
]
, (100)
DaHak + 3Ekaω
a − ε abk Eacσ cb +
κ2
2
[
ε abk Daqb + 2 (ρ+ p)ωk − π ck ωc − ε abk πacσ cb
]
= −1
2
ε abk DaÊb +
4E
3
ωk − 1
2
Êakωa − 1
2
ε abk Êacσ cb +
κ˜4
24
[
3qcωcqk − 2ε abk qbDaρ
−2ρε abk Daqb − 3εabkqcDbπ ac − 3ε abk π ca Dbqc − 4ρ (ρ+ p)ωk + 3qaqaωk − (ρ+ 3p)π ck ωc
−3ε ack σabqbqc + 3πabπabωk − 3πcaπ ck ωa − (ρ+ 3p) ε abk πacσ cb − 3ε abk πdaπ dc σ cb
]
+
κ˜2
3
[
π˜kaω
a − ε abk Daq˜b − 2 (ρ˜+ p˜)ωk + ε abk π˜ ca σbc
]
. (101)
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For vanishing 5d matter these equations reduce to the corrected form of the Eqs. (26)-(29) and Appendix A of Ref.
[11].
Eqs. (88) and (89) express the interchange of energy density and energy current between the brane and the 5d
space-time (due to the nonvanishing right hand sides). In the absence of the 5d sources, these equations become
evolution equations for the brane matter alone. Similar relations for the effective nonlocal energy density and effective
nonlocal energy current are given by Eqs. (90) and (91).
Even for the chosen Z2-symmetric embedding and with the simplifying assumption T˜ab = 0 (thus 0 = ρ˜ = q˜ = q˜a =
π˜ = π˜a = π˜ab = p˜) the above equations do not close on the brane, due to the absence of evolution equations for Êab,
πab, and p. Assumptions fixing πab (typically by kinetic considerations employing the Boltzmann equation) and p (by
choice of a continuity equation) are required already in general relativity for closing the system, however on the brane
(even with empty 5d space-time) an additional assumption for Êab is equally required [11]. From these considerations
it is immediate to establish the closure in the special case Êab = 0 = πab, provided the equation of state is known.
As the closure is difficult to achieve even in the simple 5d vacuum case, in order to tackle realistic problems we
need to consider the ensemble of all dynamical and constraint equations given in the preceding section.
E. Closure conditions
The general relativistic 3+1 covariant formalism contains 10 gravito-electro-magnetic variables with 10 evolution
equations (besides there are also 12 kinematic variables with 9 evolution equations and 15 constraints altogether).
The 3+1+1 brane-world formalism developed in this paper contains 35 gravito-electro-magnetic variables with 35
evolution equations (beside 35 kinematical variables with 28 evolution equations and 77 constraints altogether).
The subset of equations on the brane, given in subsection IVD has 10+9 gravito-electro-magnetic variables with
only 10+4 evolution equations (there are also 12 kinematical variables with 9 evolution equations and 15 constraints
altogether.) The 9 new gravito-electro-magnetic variables are the quantities appearing on the right hand side of Eq.
(84); among them the last term Êab, representing 5 independent variables, has no evolution equation. It has been
known that the system of equation is closed by the condition Êab = 0 [11].
In this subsection we want to explore the extra information we have in the complete system of evolution equations
derived. In particular, Eq. (61) contains the desired temporal evolution, however it also contains terms not appearing
in subsection IVD. Remembering, that on the brane ω̂ab = 0 we could impose
F ′〈kj〉 =
(
2K̂ − Θ̂
3
)
Fkj −F a〈j σ̂k〉a +KÊkj +KEkj − E〈j
(
3
2
Kk〉 + Lk〉 − K̂k〉
)
+
3
2
Ê〈kÂj〉 − ε ab〈k Ĥj〉a
(
Kb − 2K̂b
)
− ε ab〈j Hk〉aÂb +
3
2
ε ab〈j σ̂k〉aHb , (102)
such that Eq. (61) becomes
0 =
˙̂E 〈kj〉 −D〈kÊj〉 +
Θ
3
Êkj + 4E
3
σkj − 2Ê〈kAj〉 + Ê a〈j
(
ωk〉a + σk〉a
)
+Mkj , (103)
with the 5d matter contributions
Mkj = κ˜
2
3
˙˜π〈kj〉 +
κ˜2
3
D〈k q˜j〉 +
κ˜2
3
(ρ˜+ p˜)σkj +
κ˜2q˜
3
σ̂kj +
κ˜2Θ
9
π˜kj
+
2κ˜2
3
q˜〈jAk〉 +
κ˜2
3
π˜〈j
(
2K̂k〉 + Lk〉
)
+
κ˜2
3
π˜ a〈j
(
ωk〉a + σk〉a
)
. (104)
A particular solution of Eq. (102) would be
Fkj = Ĥkj = Ej = Hj = K = Âj = 0 . (105)
None of the quantities above appear in the brane equations presented in subsection IVD, thus those equations are
not altered by the choice (105), and the system becomes closed by Eq. (103).3
3 The no-go theorem for closure given in Ref. [32] does not apply here, as it was derived for perturbations of 5d Anti de Sitter spacetimes.
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The 5d Schwarzschild-Anti de Sitter space-time containing a Friedmann brane emerges as special case of the space-
times obeying Eqs. (103) and (105), as they haveMab = 0 = K and
0 = Ea = Êa = Ha = La = Ka = K̂a = ωa = ω̂a = Aa = Âa ,
0 = Eab = Fab = Hab = Êab = Ĥab = σab = σ̂ab . (106)
At the end of this section we emphasize, that Eq. (103) closing the system of brane equations should allow for far
more solutions than the trivial one for Êab. We will construct a specific example in Section VI.
V. COSMOLOGY
In this section we consider generic embeddings. By employing the definitions (81) and (82), also the conditions
(11), arising from the existence of the brane, we can derive average and difference equations on the brane. We give
here but the most relevant such dynamical equations. The rest of the equations is straightforward to derive, although
it may be lengthy.
The average taken on the two sides of the brane of Eq. (25) reduces to the generalized brane Friedmann equation.
We also rewrite
〈
Θ̂2
〉
=
〈
Θ̂
〉2
+
(
∆Θ̂
)2
/4 and use a similar relation for σ̂ab. We take ∆Θ̂ from the Lanczos equations
(76)-(79). Eq. (25) then becomes
R
2
+
Θ2
3
−Λ−κ2ρ
(
1 +
ρ
2λ
)
− 1
2
σabσ
ab+ωaω
a = −〈E〉− κ˜
4
8
πabπ
ab+
〈
Θ̂
〉2
3
− 1
2
〈σ̂ab〉
〈
σ̂ab
〉
+
κ˜2
2
〈ρ˜+ p˜− π˜〉 . (107)
The generalized brane Raychaudhuri equation is obtained from the average of Eq. (27), by employing the same
sequence of simplifications, as for the Friedmann equation. We obtain:
Θ˙ +
Θ2
3
+ σabσ
ab − 2ωaωa −DaAa −AaAa + κ
2
2
(ρ+ 3p)− Λ
= 〈E〉 − κ˜
4ρ
12
(2ρ+ 3p) +
κ˜4
4
qaq
a −
〈
Θ̂
〉〈
K̂
〉
+
〈
K̂a
〉〈
K̂a
〉
− κ˜
2
2
〈ρ˜+ π˜ + p˜〉 . (108)
Finally we give the generalized brane energy-balance equation from the jump across the brane of the Eq. (41) by
the same procedure:
ρ˙+ Θ(ρ+ p) +Daq
a + 2Aaq
a + πabσ
ab = −∆q˜ . (109)
These equations hold for arbitrary branes. Again, general relativistic contributions are on the left hand sides, brane-
world contributions on the right hand sides.
A. Friedmann brane with perfect fluid
In this case the conditions ωa = 0 = σab = ∆σ̂ab hold, arising from the particular geometry and matter source
chosen, also R = 6k/a2, where a is the scale factor. Moreover
Θ/3 = H ≡ a˙/a, where H is the Hubble parameter. The Friedmann, Raychaudhuri and energy-balance equations
become:
3
(
H2 +
k
a2
)
= Λ+ κ2ρ
(
1 +
ρ
2λ
)
− 〈E〉
+
〈
Θ̂
〉2
3
− 1
2
〈σ̂ab〉
〈
σ̂ab
〉
+
κ˜2
2
〈ρ˜+ p˜− π˜〉 . (110)
3
(
H˙ +H2
)
+
κ2
2
(ρ+ 3p)− Λ = 〈E〉 − κ˜
4ρ
12
(2ρ+ 3p) +
κ˜4
4
qaq
a
−
〈
Θ̂
〉〈
K̂
〉
+
〈
K̂a
〉〈
K̂a
〉
− κ˜
2
2
〈ρ˜+ π˜ + p˜〉 , (111)
ρ˙+ 3H (ρ+ p) = −∆q˜ . (112)
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For symmetric embedding the equations simplify by
〈
Θ̂
〉
= 0 = 〈σ̂ab〉. For generic asymmetric embedding Eq. (110)
can be rewritten as
3
(
H2 +
k
a2
)
= Λ+ κ2ρ
(
1 +
ρ
2λ
)
+ κ2U − 〈L〉
4
− κ˜
2
2
〈π˜〉 , (113)
where 〈L〉 is given by Eq. (86) and U is defined by
κ2U =
〈
Θ̂
〉2
6
+
1
2
〈
Θ̂
〉〈
K̂
〉
− 1
2
〈
K̂b
〉〈
K̂b
〉
− 1
4
〈σ̂ab〉
〈
σ̂ab
〉
− 〈E〉+ κ˜
2
2
〈ρ˜+ p˜〉 . (114)
The quantity U is nothing but the effective energy density introduced in Ref. [4], encompassing the trace-free parts
of the Weyl, embedding and 5d matter sources in the effective Einstein equation, given here in terms of the 3+1+1
kinematic, gravito-electro-magnetic and 5d matter variables.
B. Anisotropic brane-worlds
Full brane-world solutions with homogeneous, but anisotropic 5d space-times are also known.
In Ref. [49] a vacuum 5d static and anisotropic space-time with cosmological constant admitting a moving Bianchi
I brane was analyzed. The Z2-symmetric junction conditions could be obeyed only by anisotropic stresses on the
brane, hence the brane cannot support a perfect fluid. Isotropy of the brane fluid could be achieved only for isotropic
5d space-time and brane.
This setup was generalized in Ref. [50] by allowing for a non-static 5d space-time. Assuming separability of the
metric components, new 5d solutions combining the 4d Kasner solution with the static 5d solutions of Ref. [49] were
obtained.
For the reader’s convenience we give in Appendix D the list of kinematical, gravito-electro-magnetic and matter
variables for the 5-dimensional models presented in Ref. [49]. Working out the respective quantities for other metrics
would be a similar straightforward exercise.
VI. STATIONARY VACUUM SPACE-TIMES WITH LOCAL ROTATIONAL SYMMETRY
In this section we discuss an application of our formalism, by assuming vacuum in both 4d and 5d, but keeping the
respective cosmological constants. The embedding of the brane is symmetric. Then the effective Einstein equation
reduces to
Gab = Λgab − E
(
uaub +
1
3
hab
)
+ 2Ê(aub) − Êab . (115)
We are interested in stationary space-times, therefore f˙ = 0 for any scalar field f . The stationarity implies a
singled-out temporal Killing vector, therefore the 3+1+1 decomposition of the gravitational dynamics developed in
this paper turns particularly useful for the study of gravitational dynamics on the brane (which defines the other
singled-out direction).
We also specialize our treatment to space-times with local rotational symmetry (LRS) on the brane. Such a
symmetry singles out an additional space-like unit vector field ea, in the sense that there is a unique preferred spatial
direction at each point that assigns the local axis of symmetry. Once such a special vector field is chosen, a further
decomposition of the spatial quantities would lead to a generic 2+1+1+1 formalism. For this, the metric hab should
be further decomposed as
hab = eaeb + qab , (116)
where qab is the induced 2-metric on the surface perpendicular to both e
a and ua, and lying in the brane.
In what follows we will see that these symmetries assure that the structure of the space-time can be described solely
in terms of scalars, thus no vectors and tensorial quantities are needed. This is a powerful feature of the formalism.
Furthermore, the symmetries assure, that all scalars f depend only on the coordinate parametrizing the integral
curves of the rotation axis field ea. We denote this coordinate derivative as f⋆ ≡ eaDaf (a spatial covariant derivative
along these integral curves).
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A. Independent kinematic quantities related to the vector field ea
1. Decomposition
For the purposes of the present application it is enough to give here the decomposition of the covariant brane
derivative of the vector field ea in terms of kinematical quantities and extrinsic curvature type quantities analogous
to the ones appearing in the decomposition of the vector fields ua and na. We keep the familiar notations, with the
remark that the quantities belonging to the decomposition of ∇aeb will carry a distinguishing˜mark. We thus have
∇aeb = L˜uaub − L˜aub − uaK˜b + eaA˜b + Θ˜
2
qab + σ˜ab + ω˜ab , (117)
with
L˜ = ucud∇˜ced , Θ˜ = qabDaeb ,
L˜a = u
dh ca ∇˜ced , K˜b = uch db ∇˜ced , A˜b = ecq db ∇˜ced ,
ω˜ab = q
c
[a q
d
b] ∇˜ced , σ˜ab = q ca q db ∇˜ced −
Θ˜
2
qab . (118)
We remark that L˜ and L˜a are not independent from the previously introduced sets of variables, they can be expressed
in term of projections of the kinematic quantities related to ua:
L˜ = −eaAa , L˜a = −ed
(
Θ
3
had + σad + ωad
)
. (119)
By contrast, the quantities Θ˜, K˜b, A˜b, σ˜ab and ω˜ab are independent of the rest of the kinematical and extrinsic
curvature-type variables. Similarly to ωa and ω̂a, we can also define a rotation vector
ω˜a =
1
2
εabcω˜
bc . (120)
2. LRS symmetry
The preferred spacelike unit vector field ea satisfies u
aea = 0, e
aea = 1. We employ here various results following
from the LRS symmetry, following Ref. [51]. The symmetry and normalization implies:
eaDaeb = 0 , e˙〈b〉 = 0 , (121)
i.e. ea is geodesic with respect to the connection compatible with hab and is Fermi propagated along the world line
of a brane observer. The above equations and normalization further imply that Eq. (120) can be rewritten into the
standard form
ω˜a = ε
bc
a q
e
[b q
d
c] ∇˜eed = εabcDbec . (122)
Due to LRS, all spacelike vector fields must be proportional to ea, thus
Aa = Aea , ωa = ωea , ω˜a = ω˜ea .
Êa = ÊV ea , DaΘ = Θ⋆ea , DaE = E⋆ea , (123)
The vector field ea and the induced metric qab define a unique spacelike tracefree symmetric tensor field eab as
eab = eaeb − qab
2
, (124)
satisfying:
uaeab = 0 , e
aeab = eb , e
a
a = 0 , 2eace
c
b = eab + hab ,
eabe
ab =
3
2
, Dbeab =
3Θ˜
2
ea , e˙〈ab〉 = 0 . (125)
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Again, due to LRS all 3d tracefree symmetric tensor fields are proportional to eab:
σab =
2σ√
3
eab , Eab =
2E√
3
eab , Hab =
2H√
3
eab , Êab = 2Ê√
3
eab . (126)
In Eqs. (123) and (126) we have introduced suitably normalized scalars A, ω, ω˜, σ, ÊV , Ê , E and H , replacing the
vectorial and tensorial variables.
From LRS, by use of Eqs. (121), (123), (126) and (125) also follows that
L˜ = −A , L˜a = −
(
Θ
3
+
2σ√
3
)
ea , (127)
K˜a = A˜a = 0 , σ˜ab = 0 . (128)
Thus there are only two kinematic quantities related to ea left, which are both non-trivial and independent from those
introduced the Sec. II. These are Θ˜ and ω˜.
B. LRS class I type conditions
The general relativistic classification of the LRS models presented in [51] is recovered for Êa = 0 = Êab and E < 0.
For brane-worlds, when the above conditions do not hold even under the simplifying assumptions of this chapter, this
classification should be refined, however for the application we are interested in, we shall still assume the conditions
ω˜ = Θ = σ = 0 characterizing the LRS class I of general relativity. From these conditions, Eqs. (95), (122), (123)
and εaije
iej = 0 we also find ÊV = 0. Therefore we have verified, that Eq. (103), which closes the system of brane
equations for the considered stationary vacuum space-times containing LRS class I type branes, trivially holds.
1. Dynamics
The evolution of the single kinematic quantity Θ˜ characterizing ea can be inferred from the Ricci identity for ea:
Θ˜⋆ +
Θ˜2
2
= − 2E√
3
+
2E
3
+
Ê√
3
− 2Λ
3
. (129)
Other nontrivial brane Eqs. are (91), (92), (93), (96), (97), (100), and (101). Under the assumptions of this section
they simplify to:
E⋆ + 4AE + 2
√
3
[
Ê⋆ +
(
3Θ˜
2
+A
)
Ê
]
= 0 , (130)
A⋆ +
(
Θ˜ +A
)
A+ 2ω2 + Λ = −E , (131)
A⋆ +
(
A− Θ˜
2
)
A− ω2 −
√
3E =
√
3Ê
2
, (132)
H +
(
2A− Θ˜
) √3ω
2
= 0 , (133)
ω⋆ +
(
Θ˜−A
)
ω = 0 , (134)
E⋆ +
3Θ˜
2
E − 3ωH = Ê
⋆
2
+
3Θ˜Ê
4
− E
⋆
2
√
3
, (135)
2H⋆ + 3Θ˜H + 6Eω =
4ωE√
3
− ωÊ . (136)
Eliminating A⋆ from Eqs. (131) and (132) we obtain the algebraic equation
0 =
3Θ˜A
2
+ 3ω2 + Λ+
√
3E + E +
√
3Ê
2
. (137)
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Also for any solution of the system (129)-(134), Eqs. (135) and (136) are identically obeyed. This can be seen as
follows. By taking the ⋆-derivative of Eq. (137) and employing Eqs. (129)-(134) we obtain Eq. (135). Similarly, the
⋆-derivative of Eq. (133), combined with Eqs. (129)-(134) gives (136).
As we have 6 independent (2 algebraic and 4 first order differential) equations left for the 7 variables (E , Ê , Θ˜, A,
ω, E, H), we need to impose an additional ansatz, chosen as
Ê = − 2E√
3
. (138)
This condition will considerably simplify the algebraic equation Eq. (137).
2. Discussion
The algebraic Eqs. (133) and (137) give H and E in terms of the rest of variables. By Eq. (138) the system
(129)-(131) and (134) reduces to
Θ˜⋆ +
Θ˜2
2
− Θ˜A− 2ω2 = 0 , (139)
E⋆ + 2EΘ˜ = 0 , (140)
A⋆ +
(
Θ˜ +A
)
A+ 2ω2 + Λ = −E , (141)
ω⋆ +
(
Θ˜−A
)
ω = 0 . (142)
From the newly arised two algebraic Eqs. (140) and (142) we express
Θ˜ =
(
ln E−1/2
)⋆
, (143)
A =
(
lnωE−1/2
)⋆
. (144)
In terms of the auxiliary variables
x = ln E−1/2 , (145)
y = lnωE−1/2 , (146)
the remaining Eqs. (139) and (141) become
x⋆⋆ +
(x⋆)2
2
− x⋆y⋆ = 2ey−x , (147)
y⋆⋆ + (y⋆)
2
+ x⋆y⋆ = − (2ey−x + e−2x + Λ) . (148)
They form a coupled second order system, which would eventually give ω and E in full generality. The solution of
this system is however not immediate, therefore in what follows we will employ a metric ansatz in order to find a
particular solution.
C. Taub-NUT-(A)dS solution with tidal charge
We take the following metric ansatz, compatible with the chosen symmetries:
ds2 = −f (r)
g (r)
(dt+ ωkdϕ)
2
+
g (r)
f (r)
dr2 + g (r)
(
dθ2 +Ω2kdϕ
2
)
, (149)
where
Ωk =
 sin θ , k = 11 , k = 0sinh θ , k = −1 , (150)
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and ωk is another function of θ. The axis of LRS is given by
ea =
f1/2
g1/2
(
∂
∂r
)a
. (151)
Choosing the 1-form ua as
u = −f
1/2
g1/2
(dt+ 2ωkdϕ) , (152)
and employing ÊV = 0, Eqs. (126), (138), (151), the electric part of the 5d Weyl tensor is found as
(4)Et t = (4)Err = − (4)Eθθ = − (4)Eϕϕ = −E , (4)Et ϕ = −2Eωk . (153)
Both from Êa ∝ ÊV = 0 and from Hab being proportional to eab we find
Ωk
d2ωk
dθ2
− dΩk
dθ
dωk
dθ
= 0 . (154)
Equivalently, by an integration:
Ω−1k
dωk
dθ
= −2l (155)
where l is constant. A second integration gives
ωk (θ) =
 2l cos θ + L , k = 1−2lθ + L , k = 0− 2l cosh θ + L , k = −1 , (156)
where L is another integration constant. Locally, this constant can be absorbed in a new time variable t + Lϕ→ t,
which translates to the choice L = 0.
Direct computation, employing Eq. (156) shows that the metric ansatz is compatible with the chosen LRS class I
conditions
Θ = σ = a = ÊV = 0 . (157)
The nontrivial kinematic and Weyl quantities, by employing Eqs. (149) and (156) are
Θ˜ =
f1/2
g3/2
dg
dr
, A =
d
dr
(
f
g
)1/2
, ω =
lf1/2
g3/2
,
E = f
1/2
g5/4
d
dr
(
f1/2
g3/4
dg
dr
)
− 3l
2f
g3
− k
g
+ Λ ,
2Ê√
3
=
1
3g
d2f
dr2
− 2
3g2
df
dr
dg
dr
+
f
3g3
(
dg
dr
)2
+
4l2f
3g3
+
2k
3g
,
2E√
3
=
1
6g
d2f
dr2
− 1
3f1/2
d
dr
(
f3/2
g2
dg
dr
)
− 4l
2f
3g3
− k
3g
,
2H√
3
= −l d
dr
(
fg−2
)
. (158)
These quantities are constrained by Eqs. (133), (137), (138), and (139)-(142). From here by straightforward algebra
we find two independent equations for the metric functions f (r) and g (r):
g3/2
d2g1/2
dr2
= l2 , (159)
d2f
dr2
= 2k − 4Λg . (160)
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By multiplying the first equation with dg/dr and integrating, we get(
dg
dr
)2
+ 4l2 = C1g , (161)
with C1 > 0 an integration constant. A further integration then gives
g (r) =
C1
4
(r + C2)
2
+
4l2
C1
, (162)
with C2 another integration constant. The constant C2 can be absorbed into r by a redefinition of its origin, therefore,
without restricting generality we choose C2 = 0. Also the constant C1 disappears in the following rescaling of the
coordinates and parameters:
(
2t/C
1/2
1 , C
1/2
1 r/2, 4l
2/C1
)
→ (t, r, l2). Formally this is the same as choosing C1 = 4.
Eq. (160) then gives the other metric function as
f (r) = C4 + C3r +
(
k − 2l2Λ) r2 − Λ
3
r4 , (163)
with C3 and C4 emerging as integration constants. With the reparametrizations C3 = −2m and C4 = q − kl2 + Λl4
we find the brane solution given by Eqs. (149), (150) and
f (r) = k
(
r2 − l2)− 2mr + q − Λ(r4
3
+ 2l2r2 − l4
)
,
g (r) = r2 + l2 ,
ωk (θ) =
 2l cos θ , k = 1−2lθ , k = 0− 2l cosh θ , k = −1 . (164)
This is quite similar to the charged-Taub-NUT-(A)dS solution of a general relativistic Einstein-Maxwell system with
mass m, electric charge Q, NUT charge l, and cosmological constant Λ, however the constant q replacing Q2 is not
restricted to positive values. A glance at the effective Einstein equation (115) shows that this constant could possibly
arise only from the electric part of the 5d Weyl tensor, Eq. (153). Indeed from the fourth Eq. (158) we get
E = − q
(l2 + r2)
2 . (165)
As q originates in the Weyl sector of the higher dimensional space-time, the derived solution has the interpretation
of a Taub-NUT-(A)dS brane with tidal charge.
VII. CONCLUDING REMARKS
In this paper we have developed a generic 3+1+1 covariant formalism for characterizing 5d gravitational dynamics
on and outside a brane. The singled-out directions are the off-brane and temporal directions, thus the 3-spaces are
constant time sections of the brane. Generalizing previous approaches, like 3+1+1 with the extra requirement of double
foliability [9], [10], 3+1 in general relativity [12]-[15] and in brane-worlds [11], finally 2+1+1 in general relativity [16],
[17], we presented gravitational evolution and constraint equations in terms of kinematic, gravito-electro-magnetic
and matter variables, defined as scalars, 3-vectors or 3-tensors. The number of variables being higher than for other
lower dimensional formalisms, the 5d matter and especially the 5d Weyl tensor leads to a multitude of projections
without counterpart in the mentioned approaches. Only the kinematical set of variables is similar. We have compared
and checked our results with those presented in a recent work by Nzioki, Carloni, Goswami and Dunsby [18] on the
2+1+1 decomposition of f(R) gravity and we give the correspondence between our and the notations of Ref. [18] in
Table 1.
Our generic formalism contains the complete set of dynamical equations in the 5d space-time. All equations, with
the exception of those in IV to VI are independent of the particular form of the dynamics on the brane. As such, they
can be employed both to discuss DGP / induced gravity type [43] branes (a project deferred for future work) and
one-brane Randall-Sundrum type branes. For the latter, we have given both the full set of equations on the brane,
and those containing off-brane evolutions.
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TABLE I: Comparison of the notations for the kinematic quantities with Ref. [18].
na → ea K → 13Θ+Σ K̂ → −A
Aa → Aa Ka → Σa + εabΩb K̂a → αa
Âa → aa Θ→ Θ− 32Σ Θ̂→ φ
La → Σa − εabΩb ωab → Ωεab ω̂ab → ξεab
hab → Nab σab → Σab σ̂ab → ζab
The brane equations are more general than previously published results by the inclusion of arbitrary 5d sources.
Although we have recovered the known fact that in the generic case this system does not close on the brane (excepting
the trivial case Êab = 0), by deriving the complementary system of equations of the 5d dynamics we could establish a
more generic condition for closure. This is given by either of Eqs. (102), (105) which carry much richer possibilities
than the previously known Êab = 0 case.
The initial value problem in general relativity is usually discussed in ADM-like variables (including modifications
enhancing stability, like the use of variables with factored-out conformal factors [54]), therefore a similar treatment
would be possible to develop in the framework of the Hamiltonian approach presented in [9, 10]. A 3+1 covariant
approach for discussing the evolution of cosmic microwave background anisotropies in the cold dark matter model
was employed in Ref. [24]. The complete set of infinitesimal frame transformations given in the present paper may
turn useful in the study of perturbations in a 3+1+1 setup.
We have decomposed the Lanczos equations and all source terms of the effective Einstein equation in terms of the
3+1+1 covariant variables. The ensemble of these results opens the possibility for applications, with both cosmological
and other symmetries.
We have given generalized Friedmann, Raychaudhuri and energy balance equations for a generic brane, and by
specifying for cosmological symmetries we have established correspondence with previous related work [4]. We have
also established the correspondence with the anisotropic brane-world presented in Ref. [49].
We have also employed the 3+1+1 covariant formalism to discuss stationary space-times with local rotation symme-
try of class I, imposed on the brane. We have shown that such space-times obey the closure condition presented here.
The symmetries and metric ansatz (149) implemented in the 3+1+1 covariant formalism led to a simple decoupled
system of second order differential equations for the metric functions, the solution of which gave a new exact solution
of the effective Einstein equation, the tidal charged Taub-NUT-(A)dS brane, given by Eqs. (150) and (164).
In the spherically symmetric and rotating cases tidal charged brane solutions were already found [52]-[53], which
correspond to electrically charged general relativistic Einstein-Maxwell solutions, when a formal identification of the
electric charge squared with the tidal charge is carried on. Here we also found that replacing the electric charge squared
in the electrically charged Taub-NUT-(A)dS solution of an Einstein-Maxwell system with a tidal charge originating
in the Weyl curvature of the 5d space-time leads to a brane solution with the same symmetries. Unless the electric
charge squared, the tidal charge however is allowed to have both positive and negative values, thus allowing to either
weaken gravity, or contribute towards its confinement on the brane.
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Appendix A: Commutation relations
In this appendix we enlists some useful differential identities, obtained by computing the commutators among the
derivatives ua∇˜a ≡ D/dτ (dot), na∇˜a ≡ D/dy (prime), and Da (induced metric compatible covariant derivative) on
scalars, brane-vectors and symmetric brane-tensors of second rank.
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For a scalar field φ the following commutation relations hold:
na∇˜a(φ˙)− uc∇˜c(φ′) = Kφ′ + K̂φ˙+
(
Ka − K̂a
)
Daφ , (A1)
Daφ
′ − h ia nb∇˜b (Diφ) = − (Ka − La) φ˙+ Âaφ′ +
Θ̂
3
Daφ+ (ω̂ab + σ̂ab)D
bφ , (A2)
Daφ˙− h ia ub∇˜b (Diφ) = −Aaφ˙+
(
K̂a + La
)
φ′ +
Θ
3
Daφ+ (ωab + σab)D
bφ , (A3)
D[aDb]φ = ωabφ˙− ω̂abφ′ . (A4)
For a 3-vector field V a the following commutation relations hold:
h jb n
a∇˜a(V˙〈j〉)− h jb uc∇˜c(V ′〈j〉) = −εkabHaV b +KV ′〈b〉 + K̂V˙〈b〉 +
(
Ka − K̂a
)
DaVb
−AaV aKb + K̂aV aÂb +KaV aAb − ÂaV aK̂b , (A5)
h ic h
j
d u
a∇˜a (DiVj)−Dc
(
V˙〈d〉
)
= −
(
K̂c + Lc
)
V ′〈d〉 +AcV˙〈d〉 −
Θ
3
DcVd +
Θ̂
3
K̂dVc − Θ
3
AdVc
− (σac − ωac)DaVd + 1
2
ÊaV ahcd − 1
2
ÊdVc − εdabH bc V a +
κ˜2
3
q˜aV
ahcd
− κ˜
2
3
Vcq˜d −
(
Θ̂
3
hcd + ω̂cd + σ̂cd
)
K̂aV
a + K̂d (ω̂ca + σ̂ca)V
a
+
(
Θ
3
hcd + ωcd + σcd
)
AaV
a −Ad (ωca + σca)V a , (A6)
h ic h
j
d n
a∇˜a (DiVj)−Dc
(
V ′〈d〉
)
= − (Lc −Kc) V˙〈d〉 − ÂcV ′〈d〉 −
Θ̂
3
DcVd − Θ
3
KdVc +
Θ̂
3
ÂdVc
− (σ̂ac − ω̂ac)DaVd − 1
2
EaV ahcd + 1
2
EdVc − εdabĤ bc V a −
κ˜2
3
π˜aV
ahcd
+
κ˜2
3
Vcπ˜d +
(
Θ
3
hcd + ωcd + σcd
)
KaV
a −Kd (ωca + σca)V a
−
(
Θ̂
3
hcd + ω̂cd + σ̂cd
)
ÂaV
a + Âd (ω̂ca + σ̂ca)V
a , (A7)
D[aDb]Vc = ωabV˙〈c〉 − ω̂abV ′〈c〉 + hc[aEb]dV d + Ec[aVb] − hc[aÊb]dV d − Êc[aVb]
−1
9
(
Θ2 − Θ̂2
)
hc[aVb] −
Θ
3
(
σc[a − ωc[a
)
Vb] +
Θ̂
3
(
σ̂c[a − ω̂c[a
)
Vb]
−Θ
3
hc[a
(
σb]d + ωb]d
)
V d +
Θ̂
3
hc[a
(
σ̂b]d + ω̂b]d
)
V d − 1
3
Ehc[aVb]
− (σc[a − ωc[a) (ωb]d + σb]d)V d + (σ̂c[a − ω̂c[a) (ω̂b]d + σ̂b]d)V d
+
Λ˜
6
hc[aVb] +
κ˜2
6
(ρ˜− π˜ + p˜)hc[aVb] +
κ˜2
3
hc[aπ˜b]dV
d +
κ˜2
3
π˜c[aVb] . (A8)
For a symmetric trace-free 3-tensor field Tab the following commutation relations hold:
h i〈c h
j
d〉 n
a∇˜a(T˙〈ij〉)− h i〈c h jd〉 ub∇˜b(T ′〈ij〉) = KT ′〈cd〉 + K̂T˙〈cd〉 +KaDaTcd − K̂aDaTcd
−2K〈cTd〉aAa + 2Â〈cTd〉aK̂a + 2A〈cTd〉aKa
−2K̂〈cTd〉aÂa − 2εab〈dT ac〉 Hb , (A9)
27
h ka h
i
〈b h
j
c〉 n
d∇˜d (DkTij)−Da
(
T ′〈bc〉
)
= − (La −Ka) T˙〈bc〉 − ÂaT ′〈bc〉 −
Θ̂
3
DdTbc + E〈bTc〉a
− (ω̂ad + σ̂ad)DdTbc − 2T d〈b εc〉diĤ ia +
2Θ
3
ha〈bTc〉dK
d
−ha〈bT dc〉 Ed +
2Θ̂
3
Â〈bTc〉a −
2Θ̂
3
ha〈bTc〉dÂ
d
−2 (ωad + σad)K〈bT dc〉 + 2 (ω̂ad + σ̂ad) Â〈bT dc〉
+2
(
ωa〈b + σa〈b
)
Tc〉dK
d − 2 (ω̂a〈b + σ̂a〈b)Tc〉dÂd
−2Θ
3
K〈bTc〉a −
2κ˜2
3
ha〈bT
d
c〉 π˜d +
2κ˜2
3
π˜〈bTc〉a , (A10)
h ka h
i
〈b h
j
c〉 u
d∇˜d (DkTij)−Da
(
T˙〈bc〉
)
= −
(
K̂a + La
)
T ′〈bc〉 +AaT˙〈bc〉 −
Θ
3
DdTbc − Ê〈bTc〉a
− (ωad + σad)DdTbc − 2T d〈b εc〉diH ia + ha〈bT dc〉 Êd
−2Θ̂
3
ha〈bTc〉dK̂
d +
2Θ̂
3
K̂〈bTc〉a −
2Θ
3
A〈bTc〉a
+2 (ω̂ad + σ̂ad) K̂〈bT
d
c〉 − 2 (ωad + σad)A〈bT dc〉
−2 (ω̂a〈b + σ̂a〈b)Tc〉dK̂d + 2 (ωa〈b + σa〈b)Tc〉dAd
+
2Θ
3
ha〈bTc〉dA
d +
2κ˜2
3
ha〈bT
d
c〉 q˜d −
2κ˜2
3
q˜〈bTc〉a . (A11)
These results apply for arbitrary (not necessarily small) scalar, vector and tensor fields.
Appendix B: Infinitesimal frame transformations
An infinitesimal frame transformation from the diad (ua, na) to the diad (ua, na) can be defined as a generalization
of the corresponding general relativistic procedure [25] as:
ua = ua + υa + νna , with u
aυa = n
aυa = 0 , (B1)
na = na + la +mua , with u
ala = n
ala = 0 , (B2)
where υa, la, ν, m are all O (1).4 The new diad also obeys
uaua = −1 , nana = 1 , uana = 0 , (B3)
which implies
ν = m . (B4)
For υa = la = 0 the above parameters define an infinitesimal orthogonal transformation (this is a 2-dimensional
infinitesimal Lorentz boost). The parameters υa and la represent infinitesimal translations. These transformations
represent gauge degrees of freedom, worth to explore in order to achieve particular tasks, for example to fulfill physical
conditions, to conveniently close subsets of differential equations etc.
The fundamental algebraic tensors hab and εabc change accordingly:
hab = hab + 2u(aυb) − 2n(alb) , (B5)
εabc = εabc −
(
ncεabe + 2n[aεb]ce
)
le +
(
ucεabd + 2u[aεb]cd
)
υd . (B6)
The new 3-metric obeys habn
a = habu
a = 0.
4 The quantities denoted O (1) all vanish for identical transformation. We also assume a first order accuracy, thus all quantities O (2) =
O (1)2 will be dropped.
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The covariant derivatives of the new diad vectors can be invariantly decomposed as
∇˜aub = −uaAb + K̂uanb +Knanb + naKb + Lanb + Θ
3
hab + ωab + σab , (B7)
∇˜anb = naÂb +Knaub + K̂uaub − uaK̂b + Laub + Θ̂
3
hab + ω̂ab + σ̂ab , (B8)
which imply the following transformations for the kinematic quantities:
K = K − Âaυa + (Ka + La) la −mK̂ +m′ , (B9)
K̂ = K̂ −Aala +
(
K̂a − La
)
υa −mK − m˙ , (B10)
Θ̂ = Θ̂ +mΘ+Dala − laÂa − υa
(
La − K̂a
)
, (B11)
Θ = Θ+mΘ̂ +Daυa + υ
aAa − la (Ka + La) , (B12)
Ac = Ac + υ
bAbuc + K̂lc − lbAbnc + Θ
3
υc + (ωac + σac) υ
a +m
(
Kc + K̂c
)
+ υ˙〈c〉 , (B13)
Âc = Âc − lbÂbnc −Kυc + υbÂbuc + Θ̂
3
lc + (ω̂ac + σ̂ac) l
a +m
(
Kc + K̂c
)
+ l′〈c〉 , (B14)
Kc = Kc −Klc + ucυbKb − nclbKb + Θ
3
lc + (σac + ωac) l
a +m
(
Ac + Âc
)
+ υ′〈c〉 , (B15)
K̂c = K̂c + K̂υc − nclbK̂b + ucυbK̂b + Θ̂
3
υc + (σ̂ac + ω̂ac) υ
a +m
(
Ac + Âc
)
+ l˙〈c〉 , (B16)
Lc = Lc − K̂υc −Klc + ucυaLa − nclaLa − Θ̂
3
υc
+
Θ
3
lc +Dcm− (σ̂cb + ω̂cb) υb + (σca + ωca) la , (B17)
σ̂cd = σ̂cd +mσcd +D〈cld〉 + υ〈c
(
K̂d〉 − Ld〉
)
− l〈cÂd〉 + 2υaσ̂a(duc) − 2laσ̂a(dnc) , (B18)
σcd = σcd +mσ̂cd +D〈cυd〉 − l〈c
(
Kd〉 + Ld〉
)
+ υ〈cAd〉 − 2laσa(dnc) + 2υaσa(duc) , (B19)
ω̂cd = ω̂cd +mωcd +D[cld] + υ[c
(
K̂d] − Ld]
)
− l[cÂd] + 2υaω̂a[duc] − 2laω̂a[dnc] , (B20)
ωcd = ωcd +mω̂cd +D[cυd] − l[c
(
Kd] + Ld]
)
+ υ[cAd] − 2laωa[dnc] + 2υaωa[duc] . (B21)
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Similarly, the transformation laws for the gravito-electro-magnetic quantities are
E = E + 2Eala + 2Êala , (B22)
Ek = Ek −mÊk − 4
3
Elk + Eaυauk − Ealank + εkabHaυb + Ekala −Fkaυa , (B23)
Êk = Êk −mEk + 4
3
Eυk − Êalank + Êaυauk − εkabHalb + Êkaυa −Fkala , (B24)
Hk = Hk − 1
2
ε abk Êalb −
1
2
ε abk Eaυb − nkHala + ukHaυa − ε abk Eaυb + Ĥkaυa −Hkala , (B25)
Fkl = Fkl + 2u(kFl)aυa − 2n(kFl)ala −
3
2
E〈kυl〉
+
3
2
Ê〈kll〉 +mÊkl +mEkl − εab(kĤ al) υb − εab(kH al) lb , (B26)
Êkl = Êkl + 2mFkl + 2υ〈kÊl〉 − E〈kll〉 + 2u(kÊl)aυa − 2n(kÊl)ala − 2εab〈kĤ al〉 lb , (B27)
Ekl = Ekl + 2mFkl − 2l〈kEl〉 + Ê〈kυl〉 + 2u〈kEl〉aυa − 2n〈kEl〉ala − 2εab〈kH al〉 υb , (B28)
Hkl = Hkl +mĤkl + 3
2
H〈kll〉 − ε ab(k Fl)alb + 2ε ab(k El)aυb
−ε ab(k Êl)aυb − 2n(kHl)ala + 2u(kHl)aυa , (B29)
Ĥkl = Ĥkl +mHkl + 3
2
H〈kυl〉 + ε ab(k Fl)aυb − 2ε ab(k Êl)alb
+ε ab(k El)alb + 2u(kĤl)aυa − 2n(kĤl)ala . (B30)
The matter variables transform as
ρ˜ = ρ˜− 2υaq˜a − 2mq˜ , (B31)
π˜ = π˜ + 2laπ˜a − 2mq˜ , (B32)
p˜ = p˜− 2
3
υaq˜a − 2
3
laπ˜a , (B33)
q˜ = q˜ + laq˜a − υaπ˜a −m (ρ˜+ π˜) , (B34)
q˜a = q˜a − ρ˜υa − q˜la − 2p˜υa − 2π˜abυb + uaυcq˜c − nalcq˜c −mπ˜a , (B35)
π˜a = π˜a − q˜υa + 2p˜la − π˜la + 2π˜ablb − nalcπ˜c + uaυcπ˜c −mq˜a , (B36)
π˜ab = πab + 2p˜υ〈aub〉 − 2p˜l〈anb〉 − 2q˜〈aυb〉 + 2π d〈a ub〉υd − 2π c〈a nb〉lc − 2π˜〈alb〉 . (B37)
We have checked that in the particular case la = 0 = m, by applying the Lanczos equations (76)-(79) for eliminating
the quantities K̂, Θ̂, La = −K̂a and σ̂ab, by suppressing the quantities related to the brane normal, in particular
imposing ω̂ab = 0, we recover the linearized form of the transformation laws for the kinematical and dynamical
quantities (Θ, σab, ωab, Aa) and (ρ, p, qa, πab) of Ref. [25]. Similarly, by employing Eqs. (14) and (15), we obtain
the required transformations for the Weyl projections (Eab, Hab).
If we would like to apply the generic transformations derived in this Appendix in a brane-world scenario, we have to
impose la = 0 = m on the brane (in order to preserve the vector field na at y = 0, which defines the brane), however
the derivatives along the off-brane direction (the derivatives denoted by prime) of these quantities can be different
from zero even at y = 0.
Appendix C: Gravitational evolution and constraint equations on an asymmetrically embedded brane
The brane equations describing the gravitational dynamics are
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0 =
˙̂
Θ−DaK̂a +
(
K̂ +
Θ̂
3
)
Θ− 2K̂aAa + σ̂abσab − κ˜2q˜ , (C1)
0 =
˙̂
K〈a〉 −Da
(
K̂ − 2
3
Θ̂
)
−Dbσ̂ab + 4Θ
3
K̂a −
(
K̂ +
Θ̂
3
)
Aa − σ̂abAb − ωabK̂b + σabK̂b + κ˜2π˜a , (C2)
0 = E˙ −DaÊa + 4
3
ΘE + Êabσab − 2ÊaAa + σ̂ab ˙̂σ〈ab〉 − σ̂abDaK̂b − K̂aDbσ̂ab +
2
3
K̂aDaΘ̂
−2AbK̂aσ̂ab + Θ
3
σ̂abσ̂
ab +
(
K̂ +
Θ̂
3
)
σabσ̂
ab + σcaσ̂
c
b σ̂
ab +
2Θ
3
K̂aK̂
a − σabK̂aK̂b
− κ˜
2
2
(ρ˜− π˜ + p˜)· − 2κ˜
2
3
Daq˜a − 2κ˜
2
3
Θ (ρ˜+ p˜)− 2κ˜
2
3
Θ̂q˜ − 4κ˜
2
3
q˜aA
a − 2κ˜
2
3
π˜abσ
ab , (C3)
0 =
˙̂E〈k〉 +
4
3
ΘÊk − 1
3
DkE − 4E
3
Ak −DaÊka − ÊkaAa − (ωka − σka) Êa + ˙̂σ〈ka〉K̂a
−
(
K̂ +
Θ̂
3
)
Dbσ̂kb + K̂
aσckσ̂
c
a +
2
3
(
K̂ +
Θ̂
3
)
DkΘ̂ +
2Θ
3
(
K̂ +
Θ̂
3
)
K̂k − 2K̂aDkK̂a + K̂aDaK̂k
+
1
3
K̂kD
aK̂a − 2K̂aA〈kK̂a〉 − σbaσ̂ bk K̂a +
2
3
K̂kσabσ̂
ab + σ̂abDkσ̂ab − σ̂ ab Dbσ̂ka −
1
3
σ̂ ak DaΘ̂
+εcabK̂
aωbσ̂ ck + ε
ab
k K̂cωaσ̂
c
b −
2κ˜2
3
π˜′〈k〉 +
κ˜2
6
Dk (ρ˜+ 3π˜ − 3p˜) + 2κ˜
2
3
(
K̂ − Θ̂
3
)
π˜k
−2κ˜
2
3
Kq˜k − 2κ˜
2
3
q˜
(
2K̂k +Kk
)
+
2κ˜2
3
π˜kaÂ
a − 2κ˜
2
3
(π˜ − p˜) Âk − 5κ˜
2
3
σ̂kaπ˜
a , (C4)
0 = Θ˙−DaAa + Θ
2
3
+ Θ̂K̂ −AaAa − 2ωaωa + σabσab − K̂aK̂a − E − 1
2
Λ˜ +
κ˜2
2
(ρ˜+ π˜ + p˜) , (C5)
0 = ω˙〈a〉 −
1
2
ε cda DcAd +
2Θ
3
ωa − σabωb , (C6)
0 = σ˙〈ab〉 −D〈aAb〉 +
2Θ
3
σab +
1
2
(
K̂ − Θ̂
3
)
σ̂ab −A〈aAb〉 −
1
2
K̂〈aK̂b〉
+ω〈aωb〉 + σc〈aσ
c
b〉 +
1
2
σ̂c〈aσ̂
c
b〉 + Eab +
1
2
Êab − κ˜
2
3
π˜ab , (C7)
0 = Daωa −Aaωa , (C8)
0 = D〈cωk〉 + εab〈kD
bσ ac〉 + 2A〈cωk〉 +Hab , (C9)
0 = Dbσab − 2
3
DaΘ+ ε
ck
a Dcωk −
2Θ̂
3
K̂a + 2ε
ck
a Acωk + σ̂abK̂
b + Êa + 2κ˜
2
3
q˜a , (C10)
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0 = E˙〈kj〉 −
1
2
˙̂E 〈kj〉 − εab〈kDaH bj〉 +
1
2
D〈kÊj〉 +ΘEkj −
Θ
6
Êkj + Ê〈kAj〉 −
2E
3
σkj
−1
2
Ê a〈j
(
ωk〉a + σk〉a
)
+ E a〈k
(
ωj〉a − 3σj〉a
)
+ 2ε ab〈k Hj〉aAb −
1
2
(
K̂ − Θ̂
3
)
˙̂σ〈kj〉
−σ̂ a〈j ˙̂σk〉a −
1
2
(
K̂ − Θ̂
3
)·
σ̂kj + K̂〈kDj〉
(
K̂ − Θ̂
)
− Θ̂
3
D〈kK̂j〉 +
1
2
σ̂ a〈j Dk〉K̂a + K̂〈kD
bσ̂j〉b
+
1
2
K̂aD〈kσ̂
a
j〉 +
Θ̂
3
(
K̂ +
Θ̂
3
)
σkj − 7Θ
6
K̂〈kK̂j〉 +
(
K̂ − Θ̂
3
)
K̂〈kAj〉 −
Θ
6
σ̂ a〈j σ̂k〉a
−1
2
(
K̂ − Θ̂
3
)
σ̂ a〈k
(
ωj〉a + σj〉a
)− Θ
6
(
K̂ − Θ̂
3
)
σ̂kj − 1
2
K̂〈kσj〉bK̂
b − 1
2
σ̂ a〈j ωk〉cσ̂
c
a
−1
2
σjkK̂
aK̂a +
3
2
K̂〈kωj〉aK̂
a + K̂〈kσ̂j〉aA
a + σ̂a〈jAk〉K̂
a − 1
2
σ̂ ac σ̂
c
〈k σj〉a −
κ˜2
3
˙˜π〈kj〉
− κ˜
2
3
D〈k q˜j〉 +
κ˜2
3
π˜〈kK̂j〉 −
4κ˜2
3
q˜〈kAj〉 −
κ˜2
3
(ρ˜+ p˜)σjk − κ˜
2
9
Θπ˜jk − κ˜
2
3
π˜ a〈j
(
ωk〉a + σk〉a
)
, (C11)
0 = H˙〈kj〉 + εab〈kD
aE bj〉 +
1
2
εab〈kD
aÊ bj〉 +ΘHkj − 3σa〈kH aj〉 − ωa〈kH aj〉
−2ε ab〈k Ej〉aAb −
1
2
ε ab〈k σj〉aÊb −
3
2
Ê〈jωk〉 −
1
2
ε cd〈k σ̂j〉cDd
(
K̂ − Θ̂
3
)
+
1
2
(
K̂ − Θ̂
3
)
εab〈kD
aσ̂ bj〉 +
1
2
εab〈kD
aσ̂j〉cσ̂
cb +
1
2
εab〈kσ̂j〉cD
aσ̂cb
+Θ̂ω〈kK̂j〉 +
Θ̂
3
ε ab〈k σj〉aK̂b −
1
2
εab〈kK̂j〉D
aK̂b − 1
2
εab〈kK̂
bDaK̂j〉
+
1
2
ε ab〈k σj〉bσ̂
c
a K̂c −
3
2
σ̂ a〈j ωk〉K̂a −
κ˜2
3
εab〈kD
aπ˜bj〉 − κ˜2q˜〈jωk〉 −
κ˜2
3
ε ab〈k σj〉aq˜b , (C12)
0 = DaEak − 1
2
DaÊak + 1
3
DkE − 3Hkaωa + ε abk Hacσcb +
Θ
3
Êk − 1
2
(3ωka + σka) Êa − 2Θ̂
9
DkΘ̂
−1
2
σ̂akD
a
(
K̂ − Θ̂
3
)
− 1
2
(
K̂ − Θ̂
3
)
Daσ̂ak − 1
2
σ̂ ca D
aσ̂ck +
2
3
σ̂abDkσ̂ab − 1
2
σ̂kbD
aσ̂ ba
−1
3
K̂aDkK̂a +
1
2
K̂aD
aK̂k +
1
2
K̂kD
aK̂a +
3
2
ε adk K̂cωaσ̂
c
d −
1
2
σ̂ ba K̂
aσkb − 2
9
Θ̂ΘK̂k +
Θ̂
3
σkbK̂
b
+Θ̂ε cdk K̂cωd +
Θ
3
σ̂ ak K̂a +
κ˜2
3
Daπ˜ak − κ˜
2
6
Dk (ρ˜− π˜ + p˜) + 2κ˜
2
9
Θq˜k − κ˜
2
3
q˜a (3ωka + σka) , (C13)
0 = DaHak +
1
2
ε abk DaÊb −
4E
3
ωk + 3Ekaω
a − ε abk Eacσ cb +
1
2
Êakωa + 1
2
ε abk Êacσ cb −
1
2
K̂cωcK̂k
−1
3
ε abk K̂bDaΘ̂−
Θ̂
3
ε abk DaK̂b −
1
2
εabkK̂
cDbσ̂ ac −
1
2
ε abk σ̂
c
a DbK̂c +
2Θ̂
3
(
K̂ +
Θ̂
3
)
ωk − 1
2
K̂aK̂
aωk
+
1
2
(
K̂ − Θ̂
3
)
σ̂ ck ωc +
1
2
ε ack σabK̂
bK̂c − 1
2
σ̂abσ̂
abωk +
1
2
σ̂caσ̂
c
k ω
a +
1
2
(
K̂ − Θ̂
3
)
ε abk σ̂acσ
c
b
+
1
2
ε abk σ̂daσ̂
d
c σ
c
b −
κ˜2
3
π˜kaω
a +
κ˜2
3
ε abk Daq˜b +
2κ˜2
3
(ρ˜+ p˜)ωk − κ˜
2
3
ε abk π˜
c
a σbc . (C14)
We note that this system of equations is valid on both sides of the brane.
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Appendix D: Kinematical, gravito-electro-magnetic and matter variables for Bianchi I brane-worlds
In this Appendix we rewrite the Bianchi I brane-world, presented in Ref. [49] in terms of our variables. The
brane-world solution contains an unspecified function V (y) of a Gauss normal coordinate y (which is however not
related to the brane normal).
The kinematical quantities appearing on and outside the brane are presented in Tables II and III, respectively,
while the gravito-electro-magnetic quantities on and outside the brane are given in Tables IV and V. Tables III and
V contain quantities, which were not computed in Ref. [49].
TABLE II: Brane kinematical quantities (first column) for the brane-world [49] (second column; notations and Eq. numbers
are from this reference).
kinematic quantity for the metric in Ref. [49]
Aa 0
Θ Θ, as given by Eq. (63)
σab σAB , as given by Eqs. (64)-(65)
ωa 0
TABLE III: Off-brane kinematical quantities (first column) for the brane-world [49] (second column; notations are from this
reference).
kinematic quantity for the metric in Ref. [49]
K̂ ε√
1−V 2
(
u
′
4u
+ C0
u
+ V V
′
1−V 2
)
K − 1√
1−V 2
(
V u
′
4u
+ V C0
u
+ V
′
1−V 2
)
Θ̂ ε√
1−V 2
(
3u′
4u
− C0
u
)
Âa 0
K̂a 0
Ka 0
La 0
ω̂a 0
σ̂ab
3∑
i=1
σ̂ieiaeib , σ̂i =
ε
3u
√
1−V 2
(C0 + 3Ci)
TABLE IV: Brane gravito-electro-magnetic quantities (first column) for the brane-world [49] (second column; notations and
Eq. numbers are from this reference).
Weyl quantity for the metric in Ref. [49]
E −κ2U given by Eq. (53)
Êa 0
Êab −κ2PAB given by Eqs. (54)-(55)
The notations for the brane matter variables (after the straightforward change in the indices from lower case to
upper case letters) are identical in this paper and in Ref. [49], with qa = 0. There are no off-brane matter variables.
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TABLE V: Off-brane gravito-electro-magnetic quantities (first column) for the brane-world [49] (second column; notations are
from this reference).
Weyl quantity for the metric in Ref. [49]
Ea 0
Ha 0
Eab
3∑
i=1
Eieiaeib , Ei = − 16u2
[
(C0 + 3Ci)u
′ − 3
2
C − 2 (C20 + 3C2i )]
+ 1
4u2(1−V 2)
[(C0 + 3Ci)u
′ − C + 4Ci (C0 − Ci)]
Fab
3∑
i=1
Fieiaeib , Fi =
εV
(1−V 2)u2
[
C0+3Ci
4
u′ +Ci (C0 −Ci)− C4
]
Hab 0
Ĥab 0
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